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Abstract 
Hydraulic power systems offer a robust, compact, and flexible method of power 
transmission and are used widely in both industrial and mobile applications. While 2% of 
the energy consumed in the US passes through hydraulic systems, less than half of it does 
any useful work largely due to the use of inefficient flow control valves. Variable 
displacement pumps offer a method of delivering the required flow to an actuator without 
suffering the losses associated with a flow control valve. However, current variable 
displacement pumps exhibit poor efficiency at low displacement because their primary 
sources of energy loss are largely independent of displacement. Here, a novel adjustable 
linkage is proposed as the driving mechanism of a variable displacement pump. The 
linkage is constructed such that the pumping piston returns to the same top-dead-center 
position at all displacement, and can also achieve zero displacement. As a result of these 
features, the pump displacement is infinitely variable, and the unswept volume is remains 
constant at all displacements. By using pinned joints rather than sliding joints, the 
majority of the energy losses scale with output power resulting in a pump that is efficient 
over a wide range of operating conditions. 
In this thesis, a complete model of a variable displacement linkage pump is 
developed. A method of constructing the adjustable sixbar mechanism and the possible 
embodiments is presented. A new solution rectification technique is developed providing 
a robust method of generating valid linkages that is generally applicable to other 
mechanisms. The kinematics of the mechanism are then presented to describe the motion 
of the links and output piston. A kinetostatic model of the mechanism provides a means 
of determining the internal mechanical energy losses. A non-linear model of the bearing 
friction augments the model, but requires numerical methods to solve, and increases 
computational complexity. A dynamic model of the pumping cylinders and pump 
manifold provide a means of determining the fluid behavior of the pump including output 
flowrates and pressures. These models are coupled to create a complete understanding of 
the variable displacement linkage pump. The model is designed to be predictive and 
computationally inexpensive for use in multi-objective optimizations. As such, no 
experimentally determined performance coefficients are required. No model of this level 
of completeness exist for linkage driven pumps, variable displacement or otherwise. 
Two prototype pumps are presented and used to validate the models. A single 
cylinder pump is used to validate the mechanical energy loss model but was limited to 
low pressure operation due to large torque variations. Close agreement is demonstrated 
between the model and experiment. The model predicts a pump efficiency greater than 
90% at displacements as low as 15% if roller bearings are used in the pin joints. To 
validate this prediction, a multi-cylinder prototype which uses roller bearings in the joints 
is designed. The kinematic and mechanical energy loss models are coupled to a basic 
pumping model for use in a multi-objective genetic algorithm to optimize the mechanism. 
The resulting pump demonstrates close agreement between the model and experimentally 
measured shaft torque and mechanical energy loss at various pressures, displacements, 
and input shaft speeds. However, out-of-plane deflection of the mechanism reduced the 
piston displacement and altered the trajectory reducing pump output. The true temporal 
  iv 
piston position is measured and used as an input to the dynamic fluid model. The 
predicted and experimentally measured cylinder pressures demonstrate the effectiveness 
of the model at predicting the dynamic behavior of the fluid end of the pump.  
It is shown that the models can accurately capture the physics of the pump 
without using tuning parameters or experimentally determined coefficients over a wide 
range of operating conditions. It is recommended that single shear linkage arrangements 
are avoided in future designs to increase the mechanism stiffness and improve 
performance. The variable displacement linkage pump offers the opportunity for high 
efficiency flow control at a wide range of operating conditions due to the nature of the 
energy loss mechanisms scaling with the output power. The flexibility of the driving 
sixbar mechanism allows for the optimization of the architecture for particular 
applications and the presented model provides a means of predicting performance.  
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Chapter 1 Background and Literature Review 
1.1 Introduction 
A 2012 study by Oak Ridge National Labs found that around 2% of the power 
consumption in the United States passes through hydraulic systems. They also found that 
the average efficiency for industrial and mobile hydraulic power systems is 50% and 21% 
respectively [1]. As a result, the inefficiencies of these systems contribute to the release 
of 120 to 171 million metric tons (MMT) of CO2 into the atmosphere at a cost of $16B to 
$28B annually. These losses are largely due to metering flow control, which throttles 
flow over a valve to control pressure and flowrate.  There is a clear need for a more 
efficient flow control method from both an economic and environmental standpoint. 
There are three common methods for controlling hydraulic flow: metering valves, 
speed control of an electric motor with a variable frequency drive, and variable 
displacement hydraulic pumps. Each of these methods has their own respective tradeoffs 
and are further discussed here.  
Metering valve control uses a variable orifice valve to throttle the flow from a 
fixed displacement pump and is used in both mobile and industrial applications. It is the 
most popular solution due to the low cost, fast response, and ease of maintenance. 
However, it is also the most inefficient solution due to large amount of energy throttled 
across the control and relief valves.  
Variable frequency drives (VFDs) are used to control the shaft speed of an 
electric drive motor that is coupled to a fixed displacement hydraulic pump. Due to the 
low power density of electric motors, their use is restricted to industrial applications 
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where space is available. While being the most efficient solution, VFDs are limited by the 
high cost associated with high power drives and the reduced motor life [2]. 
Variable displacement pumps are hydraulic pumps that can adjust the fluid 
delivered per revolution of the input shaft. They are used for applications that require a 
more efficient method of flow control than metering valves [3]. A variable displacement 
pump can deliver the power required by the system, rather than throttling unnecessary 
power across a valve, thus consuming less energy to complete the same task.  
1.1.1 Current Variable Displacement Piston Machines 
There are several types of positive displacement hydraulic pumps and motors 
including gear, screw, lobe, and piston machines. Of these machines, there are three main 
architectures that commonly have variable displacement: axial piston, bent axis, and 
vane. Much work has been done on improving the efficiency of these variable machines 
[4-9]. For the most part, these efforts have resulted in an increase in the maximum 
efficiency, but they have not significantly improved performance at low volumetric 
displacement.  
The axial piston pump, shown in Figure 1.1, is the most widely used variable 
displacement machine due to its compact size and robust design [10]. This pump uses a 
non-rotating swash plate set at an angle to the rotational axis of a cylinder block. As the 
cylinder block rotates, the piston slippers slide along the swashplate on a hydrostatic 
bearing and the relative angle causes the pistons to reciprocate. The angle of the 
swashplate determines the displacement of the pistons and is varied to adjust the pump 
output.  
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FIGURE 1.1 SCHEMATIC AND CAD RENDERING OF AXIAL PISTON PISTON 
PUMP SHOWN AT MAXIMUM DISPACEMENT 
These pumps require a leakage path from the pumping cylinder to the swashplate 
in order to create a hydrostatic bearings in the piston-slipper and slipper-swashplate 
interfaces. Additionally, a valve plate is required at the other end of the cylinder block to 
direct flow to the high and low pressure ports.  This interface, which both seals the 
pumping chambers and acts as a hydrostatic bearing surface, is the largest source of 
energy dissipation in the pump [11]. The frictional energy loss associated with these 
hydrodynamic surfaces is function of the square of the relative velocity between 
components and is relatively constant regardless of the volumetric displacement. 
Furthermore, there are three leakage paths per piston as a result of these bearing surfaces, 
with nine or eleven pistons used in a typical pump [12]. For a given operating pressure, 
the leakage energy loss is relatively constant with respect to displacement [13]. As a 
result, the efficiency of these pumps can be high at maximum output, but is significantly 
reduced at partial displacement when the output power decreases [13, 14].  
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A similar configuration to the axial piston pump is the bent axis type, depicted in 
Figure 1.2, which circumvents the high leakage and friction of the planar bearings by 
using spherical joints rather than a swash plate, but still requires a port plate. The rotation 
of the drive shaft and cylinder block are coupled and their relative angle causes the 
pistons to reciprocate. The displacement is varied by changing the relative angle between 
the drive shaft and cylinder block. These pumps have been shown to have high efficiency 
across a wide range of operating conditions[9, 15]. However, these pumps are not as 
widely used as swashplate type axial piston pumps because of their high costs, reliability 
issues, and their inability support a through-shaft design [10]. 
 
FIGURE 1.2 SCHEMATIC OF BENT AXIS PUMP 
The vane pump, depicted in Figure 1.3, sweeps fluid from low pressure to high 
pressure by trapping the fluid between vanes that rotate with the rotor and seal against the 
outer ring. The displacement of this pump is varied by adjusting the eccentricity between 
the movable outer ring and the rotor. The vanes are shown here with return springs to 
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maintain contact with the outer ring but other methods are possible. These pumps have 
complex sealing surfaces and cannot achieve the same high pressures as piston pumps. 
 
FIGURE 1.3 SCHEMATIC OF VANE PUMP 
1.1.2 Linkage Solution 
The crank-slider reciprocating piston pump is an architecture capable of the 
highest pressure operation and is insensitive to fluid contamination [16]. These pumps 
use pin joints, which are cheaper to manufacture, require less lubrication, and suffer 
smaller friction losses in comparison with the planar bearings used in other variable 
displacement architectures.  Furthermore, if a crosshead bearing is used, the pumped fluid 
can be separated from the lubricating fluid, permitting the use of non-lubricating medium 
in the hydraulic system. 
However, linkage pumps are not actively used for high power variable 
displacement. There are a number of variable stroke mechanisms for linkage-based 
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metering pumps, which are pumps that are used for precise flow control for low pressure 
hydraulic systems [17]. There are three primary methods in which these pumps control 
flow rate: stroke limitation, flow redirection, and adjustable mechanisms. The stroke 
limited pumps use a linear cam follower mechanism in which the return stroke of the 
slider is limited by an adjustable stop as depicted in Figure 1.4. Flow redirection metering 
pumps have internal leakage paths with adjustable opening periods to return fluid to the 
reservoir for a period of the pump stroke. Some also redirect fluid to an accumulator to 
prevent recirculation losses. Adjustable mechanism metering pumps vary some part of 
the drive mechanism to change the stroke of the pumping pistons. The majority of these 
mechanism vary the length of moving links and have multiple internal prismatic joints, 
limiting their operating speeds [17]. 
 
FIGURE 1.4 STROKE LIMITED METERING PUMP FLOW CONTROL 
In this thesis, a novel adjustable mechanism, shown in Figure 1.5, is presented as 
the driving mechanism of a variable displacement pump. This adjustable sixbar 
mechanism can vary the stroke of the slider link as the input crank rotates without 
adjusting the position of the crankshaft or axis of slide. As the input crank rotates, the 
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coupler link causes the rocker link to oscillate. The connecting rod transfers this 
oscillating motion to the slider link. The ground pivot of the rocker link can be adjusted, 
causing a change in the oscillating motion, and thus the slider motion.  
 
FIGURE 1.5 SCHEMATIC OF VARIABLE DISPLACEMENT LINKAGE PUMP 
MECHANISM 
The mechanism is designed such that the slider link returns to the same position 
and the end of the travel, independent of stroke.  Furthermore, the stroke is adjustable to 
zero travel of the slider. If a pumping piston is attached to the slider, the result is a 
variable displacement pump that achieves zero displacement and has a constant top dead 
center position of the piston. In contrast to other pump designs, the unswept volume of 
the proposed pumping chamber will remain constant independent of displacement.  
1.2 Literature Review 
Variable displacement mechanisms are not a new concept and have existed as 
long as there have been machines [18-20]. They have also been used for power 
transmission, such as variable displacement engines and compressors [9, 19, 21]. 
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Rigorous study of adjustable mechanism synthesis did not begin until the 1960’s as will 
be discussed in the following section.  
1.2.1 Kinematic synthesis 
Some of the first techniques of synthesizing adjustable mechanisms came from Tao 
and Amos, who developed graphical synthesis techniques for generating adjustable 
fourbar mechanisms for straight line motions and output velocities [22-24]. Bonnel and 
Coffer applied the complex number method of planar kinematic synthesis, developed by 
Sandor, to adjustable mechanisms [25]. McGovern and Sandor presented a complex 
number method to analytically synthesize adjustable mechanisms for variable function 
and path generation [26, 27]. Handra-Luca outlined a design procedure for six-bar 
mechanisms with adjustable oscillation angles [28].  Zhou and Ting present a method of 
generating adjustable slider-crank mechanisms for multiple paths by adjusting the 
distance between the slider axis and the crank [29]. Shoup developed a technique for the 
design of an adjustable spatial slider crank mechanism for use in pumps or compressors 
[30]. Freudenstein used the method of kinematic structure to identify 50 unique fourbar 
mechanisms suitable for both fixed and variable displacement axial piston pumps [31]. In 
a similar fashion, Freudenstein completed kinematic structure analysis to determine all of 
the feasible mechanisms to be used for a variable stroke internal combustion engine [32].  
1.2.2 Variable Displacement Internal Combustion Engines 
Much work has been done and several patents have been awarded for internal 
combustion engines that vary the displacement of a piston depending on the power 
demand [18, 32-36]. A study of one such mechanism was conducted by Pouliot with 
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Sandia Labs to determine the fuel consumption benefits of a mechanism, reproduced in 
Figure 1.6,  similar to the one used in this thesis. A kinematic model and force analysis 
was proposed but the internal losses of the mechanism were not considered and no 
attempt was made to predict the engine performance from the model [34]. Work by 
Patton characterized the friction contributions of the majority of the running surfaces of 
an IC engine and this work was updated by Sandoval to reflect modern practices [37, 38]. 
These works are generally focused on the hydrodynamic bearings of the engine. To the 
author’s knowledge, no model of a variable displacement linkage pump exists in the 
literature.  
 
FIGURE 1.6 VARIABLE DISPLACMENT SPARK IGNITION ENGINE STUDIED BY 
POULLIOT [34] 
1.2.3 Pump Models 
There are a number of works that characterize the performance of positive 
displacement pumps and motors using coefficient models. These models use 
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experimental data to determine coefficients that describe the pump behavior [13, 14, 39-
52]. A statistical analysis and comparison of these models was completed by Hall [53]. 
These models, however, are not predictive in nature and cannot be used during the design 
phase of a pump. 
A number of detailed numerical models have been developed for axial piston, 
bent axis, and radial piston pumps to predict pump performance using ordinary 
differential equations to describe the system [4, 45, 52, 54-64]. The most complete 
modeling and simulation work done in recent years has been by the Maha Fluid Power 
Research Center at Purdue University with regards to the axial piston architecture. The 
simulation tool CASPAR, developed by Wieczoreck and Ivantysynova, provides a 
numerical model that considers the micro-motions of moving parts, predicting leakage 
flows, viscous friction forces, and applied moments and forces [4, 57]. The multi-physics 
model is predictive in nature and can be used as a design tool.  
CASPAR has been developed through numerous stages to analyze fine details of 
the axial piston pump in an effort to improve the model, and was updated to include 
thermal effects in predicting gap heights, localized stresses, and pressure distribution 
[52]. More recently, the effects of micro surface texturing have been investigated as a 
method to reduce friction in the swashplate type axial piston machine [56, 65, 66]. 
Numerous other researchers have developed models of axial piston and other pump 
architectures, but these will not be discussed in detail as the focus of this work is on the 
linkage pump architecture 
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Linkage driven pumps have received far less study. The cylinder pressure 
dynamics, including the dynamic behavior of passive check valves have been studied, but 
they are primarily modeled to predict the behavior of the delivery line, and to predict 
cavitation at the pump inlet. The mechanical losses have not been considered.  
In 1984, Edge introduced a computer model that solves the cylinder dynamics of a 
pump with passive valves [67], and in 1990 a cavitation model and some flow force 
effects were added [68]. This work found that the volumetric efficiency of a pump was 
strongly dependent on the performance of the inlet check valves. Later works are 
dedicated to determining check valve behavior [69, 70] and ultimately the focus was 
changed to pressure ripple in piping systems [16, 71, 72] 
 In 1987, Singh presented a model of triplex plunger pumps with self-acting 
valves, with a primary focus on determining pressure pulsations in the piping system 
[73]. The focus of the work then shifted to cavitation modeling and prediction [69]. Not 
much work has been done in the area until recently when CFD analyses have been 
applied to valve behavior and cavitation studies [65-68, 74, 75]. 
1.3 Contribution of Thesis 
The primary contribution of this thesis is a complete model of a variable 
displacement linkage pump that considers the kinematic, mechanical, and volumetric 
characteristics for the purpose of designing such a machine. No model of this level of 
completeness exists for either fixed or variable displacement linkage pumps. Methods of 
synthesizing an adjustable mechanism for the application of a pump, as well as solution 
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rectification are introduced. A mechanical energy loss model is developed from first 
principles in addition to a dynamic cylinder model. The model is generally applicable to 
linkage pumps, predictive in nature, and intended to be useful during the design phase of 
a pump. Furthermore, the model developed in this thesis is applicable to multi-objective 
multi-parameter optimization where computation time is of key importance.  
1.3.1  Overview of Thesis 
The objective of this thesis to describe the operation of a variable displacement 
linkage pump and characterize its performance. Chapter two presents a method of 
synthesizing a mechanism which can achieve both constant top dead center and zero 
displacement, along with a kinematic analysis of the mechanism. Chapter three presents a 
new method of solution rectification that creates bounds on the linkage solution space, 
avoiding the synthesis of infeasible mechanisms. In chapter four, a kineto-static force 
analysis provides a method of determining internal forces and frictions in order to 
develop an energy loss model of the driving mechanism. Chapter five combines the 
kinematic, solution rectification, and energy loss models to develop a three cylinder 
demonstration prototype. In chapter six, a dynamic model of the fluid end of the pump 
predicts the pumping performance of the mechanism and provides realistic loading 
functions to the mechanical model. Chapter seven provides conclusions and 
recommendations for future work. 
Attempts are made throughout the thesis to eliminate experimentally determined 
coefficients from the models, creating predictive models that can be applied during the 
design phase of a pump. Additionally, analytical solutions are used where appropriate to 
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reduce the computational expense of the analysis for the purpose of running the model a 
large number of times to optimize a solution. The combined models provide a complete 
characterization of the mechanism and the model development methodologies are 
generally applicable to other linkage topologies.  
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Chapter 2 Adjustable Linkage Mechanism: Construction, 
Kinematics and Single Cylinder Validation 
2.1 Introduction 
This chapter describes the design of an adjustable sixbar slider linkage that can 
drive a piston with a constant top dead center (TDC) and achieve zero displacement. The 
mechanism synthesis and construction method is presented in section two, followed by 
the equations of motion in section three. The fourth section describes the design and 
optimization of a prototype used for validation of the kinematic model. The fifth section 
presents the experimental validation of the kinematic model. The sixth section provides 
discussion and the final section contains concluding remarks. 
2.2 Mechanism Synthesis and Construction 
This section describes both the logical and numerical construction of the variable 
displacement mechanism with a crank input and a slider output. The described 
mechanism can achieve both constant top dead center positon and achieve true zero 
displacement of the slider, while only adjusting the ground link. 
2.2.1 Task Specification and Type Synthesis 
The operating principle of the variable displacement linkage is to adjust the 
position or length of one of the links such that there is a change in the displacement, or 
stroke, of a slider (the piston). Several requirements must be defined in order to guide the 
synthesis process of such a linkage. For simplicity, robustness, and minimization of 
moving mass, variability will be achieved by moving a ground pivot rather than changing 
the length of a moving link. The piston-cylinder axis and the input shaft should remain 
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fixed relative to each other to simplify the external interfaces with the mechanism. 
Therefore, at least a third movable ground pivot is required for a functioning variable 
linkage. A minimal number of links is favorable as it limits the linkage's complexity, 
moving-mass, and overall size. The three necessary ground pivot require at least a sixbar 
mechanism. The linkage options are therefore limited to either a Watt II or Stephenson III 
sixbar mechanism with a slider output. Of these 2 linkages, the Stephenson III seems 
more favorable because the adjustable ground pivot available for repositioning is attached 
to a binary link rather than a ternary link resulting in less moving mass to vary when the 
linkage is in motion. 
With a linkage type selected, the next focus is on the task specifications. The first 
specification is that the output slider of the linkage must be able to reach a zero 
displacement condition while the input link rotates. This is important because it allows 
the pump to go to a zero flow state. In order to create a slider mechanism with zero 
displacement, it is necessary for the moving pivot of the link pinned to the slider link, 
referred to as the connecting link, to move in an arc about the pivot of the slider. As a 
result, the connecting link will not impart any translation on the slider. If a fourbar 
mechanism is constructed such that the coupler curve of any point on the coupler link is 
an arc, and the slider pivot is placed at the center of this arc, then the slider of the 
resultant sixbar linkage would have zero displacement. The topology of such a 
mechanism is depicted in Figure 2.1. If the ground pivot of the output link of the base 
fourbar is moved, the coupler curve deviates from the original arc and causes the slider to 
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move. It should be noted that the coupler curve of the mechanism in Figure 2.1.does not 
travel in a true circular arc, but is shown as doing so for illustrative purposes. 
 
FIGURE 2.1 GENERIC MECHANISM HAVING ZERO SLIDER DISPLACEMENT 
While it is challenging to achieve a circular arc by tracking the arbitrary point on 
the coupler, careful selection of the coupler point can guarantee a pure circular arc.  With 
reference to Figure 2.2, the moving pivot, 𝜃𝜃, at the end of the output link, 𝑅𝑅4, travels in a 
perfect arc about the ground pivot 𝑟𝑟. Thus, if the pin of the slider is located at point 𝑟𝑟, 
and this pin is connected to point 𝜃𝜃 with an additional link of equal length to the output 
link, then the slider will exhibit zero displacement. In this arrangement, the output link 
will be collinear with the connecting link, 𝑅𝑅5. 
  17 
 
FIGURE 2.2 VARIABLE DISPLACMENT LINKAGE  
The second task specification requires that the piston return the same position at 
the end of its stroke regardless of displacement. This position is referred to as top dead 
center (TDC). This is important because it minimizes the un-swept volume of the pump 
chamber at any displacement, which improves performance by reducing the compressible 
fluid volume. 
 Given the link lengths of a fourbar mechanisms, such as that in Figure 2.2, the 
position of the moving pivot 𝜃𝜃 is defined at each angle of the input link, 𝜃𝜃2. If the ground 
pivot of the output link, 𝑟𝑟, is rotated about the moving pivot at a prescribed input link 
angle, then the moving pivot 𝜃𝜃 will always return to this same position at the associated 
input link angle. The path created by 𝑟𝑟 as it is rotated about the moving pivot is refered to 
as the arc of movable ground. In this figure, the prescribed input angle 𝜃𝜃2 is arbitrary. 
The process of determining 𝜃𝜃2 associated with the top dead center position of the slider is 
discussed in more detail in section 2.3 
The two tasks are combined by creating a slider axis which passes through the arc 
of the movable ground pivot. When the ground pivot, 𝑟𝑟, is coincident with the axis of 
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slide, the slider will exhibit no motion. However, as the movable ground pivot travels 
away from the axis of slide along the specified arc, the slider will translate, and return to 
the same extreme position at the associated input angle. The methods of constructing a 
feasible mechanism for use in a pump are described in the next section 
2.2.2 Dimensional Synthesis 
With the type synthesis complete, and the method of achieving our task 
specifications known, dimensional synthesis is now presented to construct a feasible 
linkage solution. To represent this linkage mathematically, the input link is set to unity 
and all other lengths are a multiple of this value. The input link ground position, 𝑚𝑚  is 
defined to be the origin of a global coordinate system. The linkage is constructed in five 
steps.  
1) The adjustable base fourbar is synthesized 
 2) The input link angle associated with TDC is defined 
 3) The variable ground pivot locations are found 
 4) The location of zero displacement and axis of slide are defined 
 5) A resultant connecting rod-slider dyad is constructed 
These steps are described in more detail in the next few sections. 
2.2.2.1 Variable Fourbar Synthesis 
In this section, the details of the base fourbar synthesis are described. In order for 
the mechanism to be usefully as a pump, a rotary input is required. A fourbar mechanism 
with an input link which can make a complete revolution with an oscillating output is 
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called a crank-rocker. The base fourbar must then be a crank-rocker where the input link, 
𝑅𝑅2, is the crank, the output link,𝑅𝑅4, is the rocker, 𝑅𝑅3 is the coupler, and 𝑅𝑅1 is the ground 
link. In order for the crank to make a full revolution the mechanism must  meet the 
Grashof condition, defined as [76]: 
   
 𝑆𝑆 + 𝐿𝐿 ≤ 𝑀𝑀 + 𝑄𝑄 (2.1) 
   
where 𝑆𝑆 is the length of the smallest link, 𝐿𝐿 is the length of the longest link, and 𝑀𝑀 
and 𝑄𝑄 are the lengths of the remaining links. Another requirement of a crank-rocker is 
that crank is the shortest link [76]. In this formulation, the crank length is set unity and 
the rest of the link lengths are a multiples of this value. The length of the coupler and 
rocker are free choices. With this information, the range of ground link lengths can be 
found. The Grashof requirement defines the minimum and maximum possible lengths of 
the ground link where: 
   
 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑀𝑀 + 𝑄𝑄 − 𝑅𝑅2 (2.2) 
   
 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑅𝑅2 + 𝐿𝐿 − 𝑀𝑀 (2.3) 
   
A transmission angle is defined as: The acute angle between the relative velocity 
vectors of the output link and the coupler link. [77] Force is best transmitted through 
these links when the transmission angle is 90o. Defining 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 according to 
Eqns. (2.2) and (2.3)guarantees that the coupler and rocker links will become collinear at 
𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚. This results in a transmission angle of zero which can cause binding of 
the linkage and the motion to be indeterminate. To avoid this, a minimum transmission 
angle, 𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚, is defined. From this transmission angle requirement, new values 
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for 𝑅𝑅1min  and 𝑅𝑅1max  are created with a narrower range. These values are solved for by 
using the law of cosines with the geometry shown in Figure 2.3 according to: 
   
 
𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 = �𝑅𝑅32 + 𝑅𝑅42 − 2𝑅𝑅3𝑅𝑅4 cos(𝜋𝜋 −  𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚) − 1    (2.4) 
   
 
𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 = �𝑅𝑅32 + 𝑅𝑅42 − 2𝑅𝑅3𝑅𝑅4 cos(𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚) + 1 (2.5) 
   
 
FIGURE 2.3. BASE TRIANGLES FOR DETERMING 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 AND 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 
It is required that 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 is less than 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 in order for the transmission angle 
requirement to be satisfied. This is made apparent from Figure 2.3. If a value smaller than 
𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 was used at the base of the acute triangle, than the resultant transmission angle 
would be less than 𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚.  
Additionally, the variability of the mechanism is related to the difference 
between 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 . As a result there is a constrained relationship between the link 
lengths of the coupler, rocker, and minimum transmission angle of the fourbar according 
to: 
  
�𝑅𝑅3
2 + 𝑅𝑅42 − 2𝑅𝑅3𝑅𝑅4 cos(𝜋𝜋 −  𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚) − 1 > �𝑅𝑅32 + 𝑅𝑅42 − 2𝑅𝑅3𝑅𝑅4 cos(𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚) + 1 (2.6) 
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Solving the above inequality for 𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚 yields: 
   
 
𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚 > acos�𝑅𝑅32 + 𝑅𝑅42 − 1𝑅𝑅32𝑅𝑅42  (2.7) 
   
Repeating this process for 𝑅𝑅3 results in the inequality: 
 
𝑅𝑅3 > �𝑅𝑅42 − 1
�𝑅𝑅4
2 cos2(𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚) − 1 (2.8) 
The same relationship exists for 𝑅𝑅4 where 𝑅𝑅3 and 𝑅𝑅4 are swapped in the previous 
equation. By satisfying these inequalities, the base fourbar can be guaranteed to be 
constructible and have a variable ground link length. Thus the fourbar is defined with the 
range of acceptable values for the length of the ground link being 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 to 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 .  
2.2.2.2 Defining Top Dead Center 
To create an arc of positions of the ground pivot 𝑟𝑟 that can be associated with 
TDC, the moving pivot c must be located at either end of the coupler curve. This occurs 
when 𝑅𝑅2 and 𝑅𝑅3 are collinear in either the extended case or the overlapping case as seen 
in Figure 2.4. Selecting the extended or overlapped case is one of the free choices of the 
linkage synthesis. The collinear condition is required because the ends of the coupler 
curve represent the extreme positions of the rocker, which ultimately controls the slider 
position of TDC and bottom dead center (BDC). 
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FIGURE 2.4 EXTENDED AND OVERLAPPED EXTREMES OF FOURBAR LINKAGE 
2.2.2.3 Defining Variable Ground Pivot Locations 
With  𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚,  𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚, and the location of TDC defined, the arc of acceptable 
ground pivot locations can be defined. The adjustable ground pivot must fall on a section 
of the arc of radius 𝑅𝑅4 centered at 𝜃𝜃 that falls between the circles of radius 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 
and  𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 centered at the origin. This construction method is satisfied by two arcs, as 
seen in Figure 2.5; both of which are valid as they result in a mirror image of the same 
linkage. Here the case where the input link is extended is shown, but the case where the 
input link and coupler link overlap is valid as well. 
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FIGURE 2.5. VARIABLE GROUND PIVOT LOCATIONS FOR EXTENDED CASE 
2.2.2.4 Defining Location of Axis of Slide 
The location of zero displacement can be placed anywhere along the arc of 
acceptable ground pivots. However, to maximize the displacement range, 𝑅𝑅1 should be 
set to either 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 or 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 when determining the location of zero displacement. Doing 
so means that the position of 𝑟𝑟 associated with zero displacement is located at an extreme 
of the arc of acceptable ground pivots. This allows maximum travel of 𝑟𝑟 as it moves to 
the opposite extreme of the arc, creating maximum variability of the linkage.  
The axis of slide is coincident with the location of the adjustable ground pivot that 
results in zero displacement. The angle of the axis of slide is a free choice, but the choice 
affects the maximum slider displacement and transmission angle. Because the axis of 
slide can be defined with the linkage in the extended case or the overlapped case and at 
𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚 or  𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚, there are four configurations in which the linkage can be constructed, as 
shown in Figure 2.6. 
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FIGURE 2.6. CONFIGURATIONS OF VARIABLE LINKAGE 
Constructing the slider dyad is done by adding a link equal in length to 𝑅𝑅4 called 
the connecting rod. One end of the connecting rod is pinned to the base fourbar at point 𝜃𝜃, 
and the other end is pinned to a slider which travels along the axis of slide. When 𝑟𝑟 is 
coincident with the axis of slide, no translation is imparted to the slider because 𝜃𝜃 travels 
in an arc about the slider. As 𝑟𝑟 moves away from the axis of slide, the path of 𝜃𝜃 varies. 
As a result, the slider is translated along the axis. The slider will always return to TDC at 
a specific value of 𝜃𝜃2. 
2.3 Equations of Motion 
The performance of the mechanism is determined by the position, velocity, and 
acceleration of the links. Analytically describing the linkage position is necessary to 
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predict the piston displacement, while the acceleration of the links is required for the 
force analysis. In this section, the motion analysis of the mechanism are presented.. For 
the sake of brevity the following section will focus on the geometry shown in Figure 
2.6a, but the analysis of the other geometries is included in Appendix A.  However, the 
position, velocity, and acceleration analyses are made general to apply to all of the 
geometries.  
The linkage is described mathematically using complex number notation and 
rotation operators. The links are labeled with vector symbols which denote magnitude 
and direction of the link. The symbols are given by 𝒓𝒓�⃑ 𝑗𝑗   where 𝑗𝑗 is the link number. As a 
point of clarification, 𝜃𝜃𝑗𝑗  is equivalent to the length of link 𝑗𝑗 and 𝜃𝜃𝑗𝑗  is the angle, counter 
clockwise positive, from the the 𝑚𝑚-axis of a non-rotating coordinate system, where 𝒓𝒓�⃑ 𝑗𝑗 =
𝜃𝜃𝑗𝑗𝐿𝐿
𝑚𝑚𝜃𝜃𝑗𝑗 .  
2.3.1 Vector Representation and Mechanism Definition 
For ease of representation, 𝒓𝒓�⃑ 1𝑚𝑚𝑚𝑚𝑚𝑚  is set to be collinear with the 𝑚𝑚 axis and then 𝒓𝒓�⃑ 1 
strays off this axis as the ground pivot is adjusted along the arc of acceptable ground 
pivots. The law of cosines is used to find the position of 𝜃𝜃 associated with TDC, using the 
triangle with sides 𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚, 𝜃𝜃2 + 𝜃𝜃3, and  𝜃𝜃4, as seen in Figure 2.7.  
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FIGURE 2.7 ASSOCIATED TRIANGLE FOR DETERMINING 𝜃𝜃𝑐𝑐  AND 𝜃𝜃𝑟𝑟1𝑚𝑚𝑚𝑚𝑚𝑚  
A vector from the origin to point c is defined as: 
   
 𝑹𝑹��⃑ 𝐶𝐶  = (  𝜃𝜃2 + 𝜃𝜃3)𝐿𝐿𝑚𝑚θcTDC  (2.9) 
   
With 𝑹𝑹��⃑ 𝐶𝐶 defined, the arc of acceptable ground pivots can be created. The angle of  
𝒓𝒓�⃑ 1𝑚𝑚𝑚𝑚𝑚𝑚 is determined by making another associated triangle, seen in Figure 2.7, with sides 
of 𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚,  𝜃𝜃2 + 𝜃𝜃3, and  𝜃𝜃4. The law of cosines can then be used to find Υ. The angle of 
𝒓𝒓�⃑ 1𝑚𝑚𝑚𝑚𝑚𝑚  from the 𝑚𝑚 axis is: 
   
 𝜃𝜃𝑟𝑟1𝑚𝑚𝑚𝑚𝑚𝑚 = θcTDC − Υ (2.10) 
   
As drawn in Figure 2.7, 𝜃𝜃𝑟𝑟1𝑚𝑚𝑚𝑚𝑚𝑚 has a negative value. 
Any point between 𝒓𝒓�⃑ 1𝑚𝑚𝑚𝑚𝑚𝑚 and 𝒓𝒓�⃑ 1𝑚𝑚𝑚𝑚𝑚𝑚 at distance of 𝜃𝜃4 from point 𝜃𝜃 is an 
acceptable ground pivot position of the rocker of the fourbar linkage. A more general 
form of Eqn. (2.10) is: 
   
 𝜃𝜃1 = θcTDC − 𝛶𝛶1 (2.11) 
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where Υ1 is found by the law of cosines using a triangle with sides of 𝜃𝜃1,  𝜃𝜃2 + 𝜃𝜃3, 
and  𝜃𝜃4. Values of 𝜃𝜃1 are bounded by the domain �𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚 , 𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚�. By repeating this 
calculation over the full domain, the arc of ground pivot positions is found. 
The axis of slide passes through 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 of Figure 2.7. The slider is joined to the 
base fourbar at the moving pivot of 𝒓𝒓�⃑ 4 with a connecting link, 𝒓𝒓�⃑ 5, of length equal to 𝒓𝒓�⃑ 4. 
The angle of the axis of slide relative to the 𝑚𝑚 axis is a free choice, but has a limited 
domain in which the mechanism can be assembled. A new solution rectification method 
has been developed to evaluate the domain and is described in full detail in the next 
chapter.  
An example of an assembled linkage is shown in Figure 2.8. In the following 
section, the conventional vector loop equations are solved for the of the mechanism. 
 
FIGURE 2.8. VARIABLE LINKAGE SHOWING FIVE GROUND PIVOT POSITIONS 
BETWEEN ZERO AND ONE-HUNDERED PERCENT DISPLACEMENT AND THE 
ASSOCIATED COUPLER CURVES 
2.3.2 Position 
The vector loop equations of the sixbar, with reference to Figure 2.9, are: 
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 𝜃𝜃2𝐿𝐿𝑚𝑚𝜃𝜃2 + 𝜃𝜃3𝐿𝐿𝑚𝑚𝜃𝜃3 − 𝜃𝜃4𝐿𝐿𝑚𝑚𝜃𝜃4 − 𝜃𝜃1𝐿𝐿𝑚𝑚𝜃𝜃1 = 0 (2. 12) 
   
 𝜃𝜃4𝐿𝐿𝑚𝑚𝜃𝜃4 + 𝜃𝜃5𝐿𝐿𝑚𝑚𝜃𝜃5 − 𝜃𝜃7𝚤𝚤̂ − 𝜃𝜃6 = 0 (2. 13) 
   
 
FIGURE 2.9 SIXBAR VECTOR LOOP DIAGRAM 
Note that the mechanism has been rotated such that the axis of slide is parallel to the 
𝑚𝑚 axis.  
In these two vector equations, the magnitudes 𝜃𝜃1, 𝜃𝜃2, 𝜃𝜃3, 𝜃𝜃4, 𝜃𝜃5, and r7 are known, 
as are the angle of the crank link, θ2, the angle of the ground link, 𝜃𝜃1. The two equations 
are solved simultaneously for the four unknowns: 𝜃𝜃3,𝜃𝜃4,𝜃𝜃5, and 𝑡𝑡. This solution is now 
presented. 
The position analysis follows the methodology presented by Norton [76] and is 
completed in two parts: The vector loop of Eqn. (2. 12) is solved to find the coupler and 
rocker angles, 𝜃𝜃3 and 𝜃𝜃4. Using 𝜃𝜃4 as an input, the vector loop of Eqn. (2. 13) can be 
solved to find 𝜃𝜃5 and 𝑡𝑡. The solution to the vector loop of Eqn. (2. 12) is found by the 
following calculations: 
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 𝐾𝐾1 = 𝜃𝜃1𝜃𝜃2 (2. 14) 
   
 𝐾𝐾2 = 𝜃𝜃1𝜃𝜃4 (2. 15) 
   
 
𝐾𝐾3 = 𝜃𝜃22 − 𝜃𝜃32 + 𝜃𝜃42 + 𝜃𝜃122𝜃𝜃2𝜃𝜃4  (2. 16) 
   
 𝐾𝐾4 = 𝜃𝜃1𝜃𝜃3 (2. 17) 
   
 
𝐾𝐾5 = 𝜃𝜃42 − 𝜃𝜃12 − 𝜃𝜃22 − 𝜃𝜃322𝜃𝜃2𝜃𝜃3  (2. 18) 
   
 𝐴𝐴 = cos(𝜃𝜃2 − θ1) − 𝐾𝐾1 + 𝐾𝐾2 cos(𝜃𝜃2 − θ1) + 𝐾𝐾3 (2. 19) 
   
 𝐵𝐵 = −2sin (𝜃𝜃2 − θ1) (2. 20) 
   
 𝐶𝐶 = 𝐾𝐾1 − (𝐾𝐾2 + 1) cos(𝜃𝜃2 − θ1) + 𝐾𝐾3 (2. 21) 
   
 D = cos(𝜃𝜃2 − θ1) − 𝐾𝐾1 + 𝐾𝐾4 cos(𝜃𝜃2 − θ1) + 𝐾𝐾5 (2. 22) 
   
 𝐸𝐸 = −2𝑡𝑡𝑚𝑚𝑚𝑚(𝜃𝜃2 − θ1) (2. 23) 
   
 𝐹𝐹 = 𝐾𝐾1 + (𝐾𝐾41) cos(𝜃𝜃2 − θ1) + 𝐾𝐾5 (2. 24) 
   
 
𝜃𝜃3 = 2 tan−1 �−𝐸𝐸 − √𝐸𝐸2 − 4𝐷𝐷𝐹𝐹2𝐷𝐷 � + 𝜃𝜃1 (2. 25) 
   
 
𝜃𝜃4 = 2 tan−1 �−𝐵𝐵 − √𝐵𝐵2 − 4𝐴𝐴𝐶𝐶2𝐴𝐴 � + 𝜃𝜃1 (2. 26) 
   
with 𝜃𝜃4 known, the slider dyad position can be evaluated.  
   
 𝜃𝜃7 = 𝐻𝐻𝑠𝑠 − 𝜃𝜃1𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃1 (2. 27) 
   
 
θ5 = sin−1 �𝜃𝜃7  −  𝜃𝜃4 sin𝜃𝜃4𝜃𝜃5 � (2. 28) 
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 𝑡𝑡 = 𝜃𝜃1𝐿𝐿1𝑚𝑚𝜃𝜃1 + 𝜃𝜃4𝐿𝐿1𝑚𝑚𝜃𝜃4 + 𝜃𝜃5𝐿𝐿1𝑚𝑚𝜃𝜃5   (2. 29) 
   
where 𝑡𝑡 is the position of the slider.  
2.3.3 Velocity Analysis 
Assuming that the crankshaft is rotating at some known angular velocity, the 
angular velocity of the other links and the linear velocity of the slider can be found. The 
angular velocity of a link is denoted by 𝜔𝜔𝑗𝑗 where 𝑗𝑗 is the link number. The closed form 
solution is: 
 
𝜔𝜔3 = 𝜃𝜃2𝜔𝜔2 sin(𝜃𝜃4 − 𝜃𝜃2)𝜃𝜃3 sin(𝜃𝜃3 − 𝜃𝜃4 )  (2.30) 
   
 
𝜔𝜔4 = 𝜃𝜃2𝜔𝜔2 sin(𝜃𝜃2 − 𝜃𝜃3)𝜃𝜃4 sin(𝜃𝜃4 − 𝜃𝜃3 )  (2.31) 
   
 
𝜔𝜔5 = −𝜃𝜃4𝜔𝜔4 cos𝜃𝜃4𝜃𝜃5 cos 𝜃𝜃5  (2.32) 
   
 𝑣𝑣𝑆𝑆 = −𝜃𝜃4𝜔𝜔4𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃4 − 𝜃𝜃5𝜔𝜔5𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃5 (2.33) 
   
where 𝑣𝑣𝑠𝑠  is the piston velocity. With the angular velocity of the links known and the 
velocity of the piston known, the resultant accelerations can be found.  
2.3.4 Acceleration 
The angular acceleration of a link is denoted by 𝛼𝛼𝑗𝑗 where 𝑗𝑗 is the number of the 
link. It is assumed that 𝛼𝛼2 is known as with 𝜔𝜔2 in the previous section.The close form 
solution is: 
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 𝐺𝐺 = 𝜃𝜃4𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃4 (2. 34) 
   
 𝐻𝐻 = 𝜃𝜃3sin𝜃𝜃3 (2. 35) 
   
 𝐼𝐼 = 𝜃𝜃2𝛼𝛼2𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃2 + 𝜃𝜃2𝜔𝜔22𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃2 +  𝜃𝜃3𝜔𝜔32𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃3 − 𝜃𝜃4𝜔𝜔42𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃4 (2. 36) 
   
 𝐽𝐽 = 𝜃𝜃4𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃4 (2. 37) 
   
 𝐾𝐾 = 𝜃𝜃3𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃3 (2. 38) 
   
 𝐿𝐿 = 𝜃𝜃2𝛼𝛼2𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃2 − 𝜃𝜃2𝜔𝜔22𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃2 − 𝜃𝜃3𝜔𝜔32𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃3 + 𝜃𝜃4𝜔𝜔42𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃4 (2. 39) 
   
 
𝛼𝛼3 = 𝐼𝐼𝐽𝐽 − 𝐺𝐺𝐿𝐿𝐺𝐺𝐾𝐾 − 𝐻𝐻𝐽𝐽 (2. 40) 
   
 
𝛼𝛼4 = 𝐼𝐼𝐾𝐾 − 𝐻𝐻𝐿𝐿𝐺𝐺𝐾𝐾 − 𝐻𝐻𝐽𝐽 (2. 41) 
   
 𝑀𝑀 = 𝜃𝜃4𝛼𝛼4𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃4 − 𝜃𝜃4𝜔𝜔42𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃4 − 𝜃𝜃5𝜔𝜔52𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃5 (2. 42) 
   
 
𝛼𝛼5 = −𝑀𝑀𝜃𝜃5𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃5 (2. 43) 
   
 𝐴𝐴𝑠𝑠 = −𝜃𝜃4𝛼𝛼4𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃4 − 𝜃𝜃4𝜔𝜔42𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃4 − 𝜃𝜃5𝛼𝛼5sin𝜃𝜃5 − 𝜃𝜃5𝜔𝜔52𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃5 (2. 44) 
   
where 𝐴𝐴𝑠𝑠 is the acceleration of the slider. With the angular acceleration of the links and 
acceleration of the slider known, the equations of motion are complete. Using these 
  32 
values, the position, velocity, and acceleration of any point on the mechanism can be 
determined.  
2.4 Prototype Design for Kinematic Validation 
In order to verify the kinematic model and demonstrate the mechanism, a single 
cylinder prototype was constructed. In this section, the design of the prototype and 
experimental methods for evaluating the kinematic model are presented.  
2.4.1 Design Criteria 
Before a prototype linkage was built, the link lengths were chosen and the links 
then sized. A set of performance metrics were developed to evaluate the linkage 
solutions. These metrics include:  minimum transmission angle of the base fourbar and 
slider, maximum displacement of the slider, and footprint area of mechanism. An optimal 
linkage would have maximum transmission angles, maximum displacement, and 
minimum mechanism footprint. These performance metrics are now discussed in more 
detail. 
2.4.1.1 Transmission angle 
There are two transmission angles of interest in this linkage, the angle between 
the coupler and rocker links and the angle between the connecting rod and the slider. The 
minimum transmission angle between the coupler and rocker was defined earlier in the 
synthesis by setting the minimum and maximum lengths of the ground link, 𝑅𝑅1. The 
connecting rod to slider transmission angle is dependent on the angle of the axis of slide. 
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As previously described, a new solution rectification technique for this slider dyad has 
been developed and is explained in the next chapter.  
At the time of the design of this prototype, the aforementioned rectification 
method did not exist. A simple relationship was used to define the angle of the axis of 
slide. With reference to Figure 2.10, in the zero displacement configuration of the 
linkage, the connecting rod travels in an arc about the slider, defined by the swept 
angle  𝜃𝜃4𝑠𝑠. To maximize the slider transmission angle at zero displacement, the angle of 
the sliding axis bisects 𝜃𝜃4𝑠𝑠 and can be defined as:  
   
 
𝜃𝜃𝑠𝑠 =  𝜋𝜋 − 𝜃𝜃4𝑚𝑚𝑚𝑚𝑚𝑚 − 𝜃𝜃4𝑚𝑚𝑚𝑚𝑚𝑚 − 𝜃𝜃4𝑚𝑚𝑚𝑚𝑚𝑚2  (2.45) 
   
where 𝜃𝜃4𝑚𝑚𝑚𝑚𝑚𝑚  occurs at the overlapped condition and 𝜃𝜃4𝑚𝑚𝑚𝑚𝑚𝑚  occurs at the extended 
condition of the crank and coupler links.  
 
FIGURE 2.10 DEFINING THE ANGLE OF AXIS OF SLIDE 
  34 
As a result, the transmission angle of the connecting rod and slider is maximized at zero 
displacement. As the ground pivot moves away from the zero displacement position, this 
is not the case. As a result, the transmission angle of the slider reaches its minimum value 
at maximum displacement. The axis of slide angle can be optimized for any displacement 
however by finding the associated 𝜃𝜃4𝑠𝑠  at the appropriate position of the movable ground d 
and solving Eqn. (2.45) accordingly. 
2.4.1.2 Slider Displacement 
The slider displacement is defined as the distance traveled by the slider along the 
axis of slide from TDC to BDC. The maximum displacement of the slider is calculated 
when the adjustable ground pivot, d, is located at the farthest position from the axis of 
slide. 
2.4.1.3 Footprint Area of Linkage 
The footprint of the linkage is defined as the two-dimensional area occupied by 
the linkage throughout the range of motion and includes the entirety of the linkage. This 
area is found by setting the extents of the linkage to a polygon and calculating the internal 
area. The footprint is guaranteed to be a convex polygon for all cases because the arc of 
ground pivots extends away from the moving pivot c. The units of the footprint are unit 
length squared. 
2.4.2 Kinematic Optimization 
The prototype was optimized with regards to the kinematic characteristics 
described in the previous section. The solution space for the linkage involves any of the 
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four configurations in Figure 2.6, each with any lengths of the coupler and rocker. The 
minimum transmission angle, θmin, for the revolute joint was set to 30°, as suggested by 
Alt for maintaining good force transmission[78]. Thus, there are two parameters, 
𝜃𝜃3 and 𝜃𝜃4,   for each of the four configuration of the prototype, which are optimized 
separately. 
A grid search optimization study was completed by varying 𝜃𝜃3 and 𝜃𝜃4 through 
reasonable bounds to determine the linkage metrics described in the previous section. 
This study indicated that the minimum slider transmission angle was generally around 
60°.. Because of this, the footprint and maximum displacement became the primary 
optimization metrics of interest. The mechanism was optimized for maximum stroke to 
footprint ratio as follows: 
   
 max
𝑟𝑟3,𝑟𝑟4 𝑡𝑡𝐿𝐿𝜃𝜃𝑜𝑜𝑙𝑙𝐿𝐿(𝜃𝜃3, 𝜃𝜃4)𝑜𝑜𝑜𝑜𝑜𝑜𝐿𝐿𝑝𝑝𝜃𝜃𝑚𝑚𝑚𝑚𝐿𝐿(𝜃𝜃3, 𝜃𝜃4)  
  (2. 46) 
 𝑡𝑡𝑀𝑀𝐺𝐺𝑗𝑗𝐿𝐿𝜃𝜃𝐿𝐿 𝐿𝐿𝑜𝑜:𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚(𝜃𝜃3, 𝜃𝜃4) > 30°  
   
Figure 2.11 shows a plot of the Stroke/Footprint for the extended case with the 
axis of slide located at 𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚 . The peak of this plot shows the location of the optimum 
lengths of links 3 and 4 at 2.6 and 2.3 unit lengths respectively. This study was completed 
with the other 3 possible linkage configurations as well. The data for the four optimized 
linkages are presented in Table 2.1. Based on these data, the overlapped 𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚   was 
selected as it has a superior stroke to footprint ratio and a reasonable minimum slider 
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transmission angle. The optimal length of links 3 and 4 were both found to be 1.8 unit 
lengths. 
 
FIGURE 2.11  SURFACE PLOT OF STROKE/FOOTPRINT OF CASE "A" LINKAGE 
AS FUNCTION OF LINK LENGTHS 𝜃𝜃3 AND 𝜃𝜃4 
TABLE 2.1. LINKAGE OPTIMIZATION RESULTS 
Configuration Maximum 
Stroke 
Footprint  𝑺𝑺𝒆𝒆𝒓𝒓𝒄𝒄𝒌𝒌𝒂𝒂
𝑭𝑭𝒄𝒄𝒄𝒄𝒆𝒆𝒑𝒑𝒓𝒓𝒊𝒊𝟏𝟏𝒆𝒆
 
Minimum Slider 
Transmission Angle 
Extended 𝑅𝑅1max   
Figure 2.6a 1.28 9.95 0.13 63° 
Extended 𝑅𝑅1min   
Figure 2.6b 1.55 8.6 0.18 58° 
Overlapped 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚   
Figure 2.6c 2.1 8.83 0.24 56° 
Overlapped 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚   
Figure 2.6d 1.35 8.74 0.15 52° 
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2.4.3 Prototype Sizing 
A prototype linkage was designed and fabricated to demonstrate the kinematics of 
the adjustable linkage. The prototype was also intended to be adapted to a pumping 
mechanism to accommodate a pressure of 5 MPa with a maximum volumetric 
displacement of 8.7 cm3/rev. This requirement drove the link sizing. The resulting design 
variables are listed in Table 2.2 
TABLE 2.2 DESIGN TABLE OF PROTOTYPE VALUES FOR MODELING 
PROTOTYPE DESIGN TABLE 
Symbol Description Value Unit 
𝒓𝒓𝟏𝟏 Length of Link 2 0.0089 [𝑚𝑚] 
𝒓𝒓𝟑𝟑 Length of Link 3 0.016 [𝑚𝑚] 
𝒓𝒓𝟒𝟒 Length of Link 4 0.016 [𝑚𝑚] 
𝒓𝒓𝟓𝟓 Length of Link 5 0.016 [𝑚𝑚] 
𝜽𝜽𝟏𝟏𝒊𝒊𝟏𝟏 Minumum Transmission angle of 
Fourbar 30 [𝑟𝑟𝐿𝐿𝐿𝐿𝜃𝜃𝐿𝐿𝐿𝐿] 
𝒉𝒉𝒔𝒔 
Distance to axis of 
slide from 𝑚𝑚 axis 0.0158 [𝑚𝑚] 
 
Plain bronze bushings were used in the joints for design simplicity. A hydraulic 
cylinder controls the displacement by actuating the displacement adjustment link, causing 
the adjustable ground pivot to rotate about the adjustment point, 𝑹𝑹��⃑ 𝑐𝑐. Figure 2.12 shows a 
CAD model and line diagram of the fabricated mechanism. Dimensional drawings can be 
found in Appendix B. The line diagram shows the mechanism at maximum displacement 
close to BDC. 
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FIGURE 2.12 PROTOTYPE VARIABLE DISPLACEMENT LINKAGE USED FOR 
EXPERIMENTAL VALIDATION OF KINEMATICS 
2.5 Experimental Validation 
In order to validate the kinematic model, experiments were conducted to measure 
the piston position as a function of input crank angle. The measurements were then 
compared to the kinematic model for validation. To measure the piston position, a 
precision spring with an experimentally determined spring constant was placed between 
the piston and a force sensor. The measured spring force was used to determine the piston 
position. The input shaft speed was measured using an optical quadrature encoder.  
The mechanism was driven by a 200W DC electric motor powered directly by a 
DC power supply, using open loop voltage control. The kinematic model accounts for 
variations in shaft speed so only the shaft speed measurement was required for validation.  
For the experiment, the angular velocity of the input shaft was limited to 8-10 Hz, 
which allowed for more points of measurement per revolution. Displacement was varied 
using a hydraulic actuator shown Figure 2.13 and Figure 2.14. The percent displacement 
was determined by dividing the measured piston displacement by the maximum design 
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displacement. Each experiment was run for 5 seconds and a single crank rotation from 
TDC position to the next TDC position was selected at random for analysis.  It should be 
noted that the variation from rotation to rotation was minimal. 
 
FIGURE 2.13 PROTOTYPE VARIABLE  DISPLACEMENT LINKAGE 
 
FIGURE 2.14 EXPERIMENTAL SETUP FOR EVALUATING KINEMATIC MODEL 
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2.5.1 Results 
The angular velocity of the input shaft, seen in Figure 2.15, varies between ~340 
and 500 RPM through each complete rotation due to the low inertia of the input shaft, the 
kinetic energy stored in the linkage, and potential energy stored in the spring. The data 
were filtered digitally using a low pass filter with a cutoff frequency of 50 Hz to remove 
unwanted 60Hz noise generated by ac electronics in the room. Since the mechanism was 
running at 8-10Hz this cutoff frequency was deemed acceptable. This filtered crank speed 
data was then used as an input to the model for an accurate comparison of the position, 
velocity, and acceleration profiles. 
 
FIGURE 2.15 INPUT SHAFT VELOCITY 
Figure 2.16 compares the predicted and experimentally measured piston position 
through one revolution of the input shaft. The BDC position is defined as zero point and 
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the peak displacement, 0.0185m, is TDC which corresponds to 93 percent of maximum 
displacement. The 𝑚𝑚-axis is the time across one revolution of the input shaft.  
 
FIGURE 2.16 PISTON POSITION 
Figure 2.17 and Figure 2.18 show the piston velocity and acceleration 
respectively, which were created by differentiating the position data. A zero-phase 50 
point moving average filter was used to remove the noise created by differentiating 
experimental data. 
 
FIGURE 2.17 PISTON VELOCITY 
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FIGURE 2.18 PISTON ACCELERATION 
2.6 Discussion 
Figure 2.19 and Figure 2.20 show the theoretical piston velocity and acceleration 
at 100%, 50%, and 25% of the prototype adjustable linkage. These values are compared 
with those of a comparable inline fourbar crank slider mechanism having a crank and 
coupler length equal to those of the prototype. . The Zero-displacement values are not 
shown as the result is a flat line along the 𝑚𝑚-axis. These plots show that while the velocity 
and acceleration profile of the adjustable linkage differs from that of a fourbar crank-
slider mechanism, the values are on the same order of magnitude.  
  43 
 
FIGURE 2.19 THEORETICAL VELOCITY PROFILE OF PROTOTYPE LINKAGE 
WITH INPUT SHAFT SPEED OF 1800RPM AT VARIOUS DISPLACEMENTS 
COMPARED TO A REFERENCE CRANK SLIDER 
 
 
FIGURE 2.20 THEORETICAL ACCELERATION PROFILE OF PROTOTYPE LINKAGE 
WITH INPUT SHAFT SPEED OF 1800RPM AT VARIOUS DISPLACEMENTS 
COMPARED TO A REFERENCE CRANK SLIDER 
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The timing ratio is defined as the ratio of time of working stroke to time of return 
stroke [76]. When the timing ratio is greater than one, the working stroke is longer than 
the return stroke which is desirable because it is related to an increased mechanical 
advantage. When the timing ratio is less than one, the working stroke is shorter than the 
return stroke resulting in a lower mechanical advantage. When the timing ratio is equal to 
one, the working stroke is equal to the return stroke and the linkage timing is balanced. A 
timing ratio close to 1 is desirable because it minimizes piston velocities and 
accelerations.  
The timing ratio of the mechanism varies with displacement as shown in Figure 2.21. 
At  33% displacement the timing ratio is 1 and deviates by 15% at zero displacement. At 
maximum displacement, the timing ratio deviates by 28% from 1.When used in a 
pumping application, the variable timing ratio is not critical because check valves can be 
used to control the fluid flow into and out of the pumping chamber. However, when used 
in motoring applications, active valves with variable timing are required to synchronize 
the fluid flow with the varying BDC position. 
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FIGURE 2.21 MECHANISM TIMING RATIO AS A FUNCTION OF FRACTIONAL 
DISPLACEMENT 
The variations in the input shaft velocity, seen in Figure 2.15, are due to the 
kinetic and potential energy storage in the linkage and spring respectively. When the 
piston is traveling from TDC to BDC, the spring is extending which applies torque to the 
shaft, aiding its rotation, thus increasing its speed. When the piston is returning from 
BDC to TDC, the spring is compressing and storing energy, requiring additional torque, 
slowing the DC motor speed.  Additionally, the figure shows that the variations in shaft 
velocity don’t correspond exactly to TDC and BDC position. This can be attributed to the 
kinetic energy change as the links are changing velocity through the cycle.  
The experimental kinematic data exhibits excellent agreement with the model 
predictions. The slight variations observed can be attributed to machining tolerances and 
measurement accuracy.  The choice to display the results from a high displacement was 
based on a desire to show the largest travel, velocity, and acceleration.  While not shown, 
experiments run at other displacements exhibited similar results.  
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2.7 Conclusions 
This chapter describes the synthesis and experimental validation of an adjustable 
linkage for use as a variable displacement piston pump/motor that can go to zero 
displacement and has a constant top dead center. The linkage is made by synthesizing a 
base fourbar with a crank input and a rocker output, and then attaching a connecting link, 
of equal length to the rocker, and slider link dyad to the moving pivot of the rocker link. 
When the ground pivot of the rocker link is placed on the axis of slide, the slider will 
exhibit zero displacement. When the ground pivot of the rocker link is moved along an 
arc about 𝑹𝑹��⃑ 𝐶𝐶 , the displacement of the slider varies, while returning to a constant TDC. 
There are four feasible configurations of the presented mechanism which exhibit these 
characteristics and an optimization showed that the overlapped 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚  configuration was 
the most compact for a given stroke. 
A prototype mechanism was designed to validate the kinematic model. The 
mechanism was optimized for a maximum stroke to footprint ratio, and the resulting 
linkage had a minimum base fourbar transmission angle of 30°, and a minimum slider 
transmission angle of 52°. The optimization showed that the footprint of variable linkages 
is approximately twice as large as that of a comparable fixed displacement crank-slider, 
but the increase in size can be expected with the added capability of variable 
displacement. The model showed good agreement with the experimentally measured 
piston position, velocity, and acceleration at maximum displacement. Additionally, the 
velocities and accelerations of the piston are on the same order of magnitude as those of 
inline crank slider mechanisms which are actively used in fixed displacement pumps.  
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It can be expected that this mechanism will result in a highly efficient pump due 
to the low friction revolute joints, lack of hydrodynamic bearings, lack of piston side-
loading due to the cross-head bearing, and low un-swept volume at all displacements. 
The validated kinematic model allows more detailed analysis of the mechanism 
performance for pumping applications. In chapter four, an energy loss model is 
developed of the pumping mechanism, and this prototype is modified to act as a pump to 
validate that model. 
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Chapter 3 Solution Rectification of Fourbar Mechanisms Including 
a Prismatic Joint with Transmission Angle Control 
3.1 Introduction 
In mechanism synthesis, defects occur that often result in unusable solutions and 
wasted computational effort. Solution rectification is a method of detecting and 
preventing such defects during synthesis and has been studied for numerous linkage 
topologies. This approach eliminates areas of the solution space that would result in 
linkages containing branch defects, circuit defects, order defects, or low transmission 
angles. Bali and Chand provide a comprehensive literature review of solution 
rectification, including transmission angle control in mechanisms [79]. In this chapter, a 
method of solution rectification for planar fourbar mechanisms having a prismatic joint is 
presented that includes transmission angle control.  
Traditionally, the transmission angle is used to evaluate the quality of force and 
torque transmission through a fourbar linkage. Additionally, a number of authors have 
developed transmission quality indices to predict linkage performance such as the joint-
force index analysis defined by Holte and Chase and more recently the force transmission 
index [80, 81]. In this chapter, the context of linkage optimization is considered where 
the energy loss due to joint friction is an optimization objective as seen in [82-84]. This 
method proves useful for high-speed mechanisms, where the transmission angle is not a 
direct indicator of performance. When applied to an optimization problem, solution 
rectification reduces the time to an optimal solution by eliminating computation time for 
  49 
invalid solutions and, for an evolutionary optimizations, increasing the number of valid 
solutions in the population.[85-87]  
While the transmission angle rectification of four-bar mechanisms is well studied [78, 
88], four-bars with prismatic joints have received less attention. Since the output of the 
variable displacement linkage is a rocker-slider mechanism, it is necessary to develop a 
method of rectification. Previous works have shown transmission angle control of offset 
crank-slider mechanisms [89, 90]. However, a solution for an offset rocker-slider 
mechanisms has not yet been presented. Without the crank constraint, in which the input 
link completes a full revolution, the problem becomes more complex as more variables 
are introduced.  
In this chapter, a method is presented to determine the valid positions of rocker-slider 
mechanisms, given a set of link lengths, a minimum transmission angle, and assuming a 
horizontal slider axis. The solution applies to both non-Grashof rocker-sliders and 
Grashof crank-rockers where the crank link is constrained to prevent full rotation. 
Because the Grashof condition is not specified, the term rocker and crank are equivalent 
and the link pinned to ground is referred to as the pinned link. In section one, an 
overview of the linkage is provided and the method of defining the rectified solution 
space is presented. In section two, an example is given to demonstrate the method and 
provide clarification to the reader. In section three, the solution is discussed in context of 
the variable displacement linkage pump. Finally, concluding remarks are drawn about the 
applicability of this method.  
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3.2 Methods 
In this section, the linkage geometry is defined and then the solution rectification 
method is described for pinned link drive, slider driven, and then switch mode linkages. 
While the variable displacement linkage pump is a pinned link driven mechanism, the 
general solution includes slider driven mechanisms and is presented here for 
completeness.  
3.2.1 Linkage Geometry Definition 
In this section, the linkage geometry by which the solution is formulated is 
presented. With reference to Figure 3.1, the linkage geometry is defined by the length of 
the pinned link, 𝜃𝜃, the coupler link length, 𝑙𝑙, and the slider offset distance, 𝐻𝐻. The slider is 
assumed to travel parallel to the x-axis. The position of the mechanism is defined by the 
piston position, 𝑋𝑋, and the angle of the pinned link, 𝜃𝜃. Here the mechanism is 
parameterized by 𝜃𝜃, but could equally be defined by 𝑋𝑋. 
In this system, there are two transmission angle constraints to be specified depending 
on how the linkage is driven. If the slider is the input to the mechanism, the transmission 
angle between the pinned link and coupler link, γ, is to be specified. If the pinned link is 
the input, the transmission angle between the slider and coupler link, 𝛾𝛾𝑠𝑠, is specified. If 
there is a reversal of driver and driven link, both angles are specified in order to control 
the effectiveness of the mechanism. To provide a more intuitive representation of the 
transmission quality at the slider joint, the pressure angle, α, which is equal to �
𝜋𝜋
2
− 𝛾𝛾𝑠𝑠� is 
used in the derivation.  
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FIGURE 3.1 LINKAGE GEOMETRY 
The formulation presented in this chapter assumes that 𝛼𝛼  and  𝛾𝛾 are acute and 
positive. Since the transmission angle 𝛾𝛾 is the acute angle between the pinned link and 
coupler link, there are two equivalent angles which are used in the derivation where 
𝛾𝛾𝑚𝑚𝑚𝑚𝑚𝑚 = 𝛾𝛾 and 𝛾𝛾𝑚𝑚𝑚𝑚𝑚𝑚 = 𝜋𝜋 − 𝛾𝛾. There is no such equivalency for the pressure angle, α. It is 
assumed and that the slider is on the right side of the pinned link 𝜃𝜃 and  𝐻𝐻 ≥ 0. Any other 
situation is realizable by reflection over the 𝑣𝑣 and/or 𝑚𝑚 axes. 
Bounds on 𝜃𝜃 are determined with regards to the γ and 𝛼𝛼 constraints independently. If 
both constraints are to be considered simultaneously, these bounds are then compared to 
determine which values are limiting. 
3.2.2 Slider Driven Mechanism 
The transmission angle is measured with reference to the output link of a 
mechanism. In the case of a slider driven mechanism, such as a hydraulic motor, the 
angle 𝛾𝛾 is constrained. This section describes the solution rectification of a slider driven 
mechanism. From the defined linkage geometry and transmission angle requirements, a 
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solution space of valid slider positions is created. When considering the maximum and 
minimum values of 𝛾𝛾, an annulus, seen in Figure 3.2, can be created with interior radius 
𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚  and exterior radius 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚, defined by: 
   
 𝑙𝑙 = �𝜃𝜃2 + 𝑙𝑙2 − 2𝜃𝜃𝑙𝑙 cos(𝛾𝛾)   (3. 1) 
   
where 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚  are found using 𝛾𝛾𝑚𝑚𝑚𝑚𝑚𝑚 and 𝛾𝛾𝑚𝑚𝑚𝑚𝑚𝑚 respectively.  
 
FIGURE 3.2 ANNULUS DEFINING SOLUTION SPACE DEFINED BY PINNED DYAD 
TRANSMISSION ANGLE 𝛾𝛾  
The slider offset distance, 𝐻𝐻 must be defined such that the resulting axis of slide 
passes through this annulus. There are three possible outcomes for a given value of 𝐻𝐻: 
Case A: If 𝐻𝐻 ≥ 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 , the intersection is empty or at a single point, resulting 
in no useful linkages.  
Case B: If 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 𝐻𝐻 < 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚, the intersection is a continuous segment.  
Case C: If 𝐻𝐻 < 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚, the intersection is a pair of line segments.  
Case C, depicted in Figure 3.3, is the most general case and is used to define the 
solution space for slider driven mechanisms. The two segments are mirrored about the 
  53 
𝑣𝑣 axis resulting in a right and left segment solution space. This nomenclature is used 
throughout to differentiate these two spaces. Using the 𝑙𝑙 values found previously, the 
points of intersection between the segments and annulus can be found. These slider 
segment lengths are defined by the right triangle ⊿𝑙𝑙𝐻𝐻𝑋𝑋 yielding the equation: 
   
 𝑋𝑋 = �𝑙𝑙2 − 𝐻𝐻2 (3. 2) 
   
where 𝑙𝑙 is either 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 or 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚. 𝑋𝑋 defines the right side segment while −𝑋𝑋  defines the 
left. 
  
FIGURE 3.3 DEFINING VALID SLIDER POSITIONS CONSIDERING 𝛾𝛾 
CONSTRAINTS 
 The slider segment length is defined as: 
   
 𝑆𝑆 = 𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚 −  𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚 (3. 3) 
   
Assuming the slider is to the right side of the link pinned to ground, the open and 
crossed configurations are defined by right and left segments respectively.   
For each of the bounding points, there is an associated angle between the x-axis and 
the 𝑙𝑙 line defined by: 
   
 𝜓𝜓𝑘𝑘 = atan2(𝐻𝐻,𝑋𝑋) (3. 4) 
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where a unique value is found for each of the four 𝑋𝑋 points and atan2 is the four quadrant 
inverse tangent function.  
The angle between each 𝑙𝑙 line and the pinned link is described by: 
   
 
𝜙𝜙𝑘𝑘 = acos�𝜃𝜃2 + 𝑙𝑙2 − 𝑙𝑙22𝜃𝜃𝑙𝑙 � (3. 5) 
   
The bounding angles of the pinned link are expressed as: 
   
 𝜃𝜃𝛾𝛾 = 𝜓𝜓𝑘𝑘 ± 𝜙𝜙𝑘𝑘 (3. 6) 
   
where 𝜙𝜙𝑘𝑘  is added to 𝜓𝜓𝑘𝑘 for the right segment and subtracted for the left segment. These 
calculations result in a total of 4 bounding angles defining the right and left segment 
solution spaces. These four bounding values of 𝜃𝜃𝛾𝛾  are depicted in Figure 3.4 for an 
arbitrary linkage. 
 
FIGURE 3.4 DIAGRAM SHOWING FOUR VALUES OF 𝜃𝜃𝛾𝛾 FOR AN ARBITRARY 
LINKAGE OF CASE C 
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For Case B, 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 is not considered because 𝐻𝐻 ≥ 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 resulting in a continuous slider 
segment. In this case the segment length is found by: 
   
 𝑆𝑆 = 2𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚 (3. 7) 
   
There is only one unique linkage solution associated with this condition. The 
mechanism transitions between the open and crossed configurations as the slider passed 
the 𝑣𝑣 axis. As a result, a single solution embodies both the crossed and open 
configurations. To find the point at which the slider crosses the 𝑣𝑣-axis and the linkage 
transitions between the crossed and open condition, 𝑋𝑋 is set equal to zero in Eqns. (3. 4) 
to (3. 6). 
 
3.2.2.1 Transition between crossed and open configuration 
For both Cases B and C, it is possible for the linkage to transfer between the open 
and crossed configurations in positions other than when the piston passes the 𝑣𝑣-axis. This 
is because the slider dyad has no constraint on the pressure angle α, which is allowed to 
pass 90°.  As a result, the pinned link angle, θ, as a function of 𝑋𝑋, can be multivalued. If a 
single valued result is required, these transition positions must be identified. This 
transition only occurs if the following conditions are met: 
For the right side, open configuration 
   
 𝐻𝐻 > 𝜃𝜃𝜃𝜃𝑜𝑜𝑡𝑡(𝛾𝛾) − 𝑙𝑙 (3. 8) 
   
For the left side, crossed configuration 
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 𝐻𝐻 < 𝜃𝜃𝜃𝜃𝑜𝑜𝑡𝑡(𝛾𝛾) + 𝑙𝑙 (3. 9) 
   
If either of those conditions are met the position at which the transition occurs can 
be found by: 
   
 𝑋𝑋0 = ±�𝜃𝜃2 − (𝐻𝐻 ± 𝑙𝑙)2 (3. 10) 
   
 𝜃𝜃0 = 𝑚𝑚𝐿𝐿𝑚𝑚𝑚𝑚2(𝐻𝐻 ± 𝑙𝑙,𝑋𝑋0) (3. 11) 
   
where using the + and – in Eqns (2.2) and (2.3) corresponds to the right and left 
segments respectively. 
 Figure 3.5 shows Cases B and C where the linkage transitions between the crossed 
and open condition. For Case B, the right and left segment solutions are identified with 
grey and black vectors respectively.  Positions 1-4 correspond to the points of minimum 
transmission angle. Note that in this figure, 𝑋𝑋0 occurs before the fourth position of the 
mechanism demonstrating that the pinned link angle, 𝜃𝜃, is not always increasing as the 
slider moves from right to left. For Case C, the left and right segments are part of the 
same mechanism. Since the slider can pass freely between the left and right sides, the 
interior points 2 and 3 are coincident and are numbered this way for consistency with 
Case B. 
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FIGURE 3.5 CRITICAL POSITIONS OF SLIDER DRIVEN MECHANISM FOR CASE B 
AND C DEPICTING THE MINIMUM TRANSMISION ANGLES OF THE PINNED LINK 
DYAD AND THE TRANSITIONS BETWEEN CROSSED AND OPEN CONDITION 
 
3.2.3 Pinned Link Driven Mechanism 
In this section, the solution rectification of a pinned link driven mechanism is 
described in which the pressure angle 𝛼𝛼 is constrained. A new variable, 𝑌𝑌, is introduced 
which is the distance between the axis of slide and the joint connecting 𝜃𝜃 and 𝑙𝑙. The 
offset, 𝑌𝑌, can be above or below the axis of slide. As seen in Figure 3.6, this offset is a 
function of 𝛼𝛼 according to: 
   
 𝑌𝑌 = 𝑙𝑙sin(𝛼𝛼) (3. 12) 
   
 
FIGURE 3.6 DEFINING THE VALID SLIDER POSITIONS CONSIDERING 𝛼𝛼 
CONSTRAINTS 
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The constraints on α result in four distinct solution spaces: 
Case 1: If  𝜃𝜃 < (𝐻𝐻 − 𝑌𝑌), the pinned link is too short and the constraint cannot be 
satisfied and no useful solution exists.  
Case 2: If  (𝐻𝐻 − 𝑌𝑌) < 𝜃𝜃 ≤ (𝐻𝐻 + 𝑌𝑌),  a continuous range of 𝜃𝜃 is possible.  
Case 3: If  𝜃𝜃 > (𝐻𝐻 + 𝑌𝑌), the valid range of 𝜃𝜃 is split by a region which does not 
satisfy the constraint resulting in two segments similar to the 𝛾𝛾 limited 
Case.  
Case 4: If  𝜃𝜃 < (𝑌𝑌 − 𝐻𝐻), 𝛼𝛼 is non-constraining and need not be considered 
further. This is equivalent to a Grashof crank-slider mechanism with 
transmission angle control as the pinned link is allowed to make a 
complete revolution without breaking the constraint. 
Case 3 represents the most general solution space as it has 2 separate regions, a right 
and a left, defined by four angles of the pinned link. These right and left regions are not 
to be confused with the right and left segments of the slider driven mechanism. The four 
defining angles are categorized into central and outer limits. The solution space is 
depicted in Figure 3.6. 
Figure 3.7 depicts the geometry used to determine the valid angles of the pinned link 
for Cases 2 and 3, which are both valid and constrained. The variable 𝑚𝑚 is introduced to 
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define the right triangle ⊿𝜃𝜃(𝐻𝐻 ± 𝑌𝑌)𝑚𝑚. This value can then be used to determine the 
bounds on the angle of the pinned link 𝜃𝜃𝛼𝛼: 
   
 𝑚𝑚 = �𝜃𝜃2 − (𝐻𝐻 ± 𝑌𝑌)2 (3. 13) 
   
 𝜃𝜃𝛼𝛼 = 𝑚𝑚𝐿𝐿𝑚𝑚𝑚𝑚2�(𝐻𝐻 ± 𝑌𝑌), ±𝑚𝑚� (3. 14) 
   
where (𝐻𝐻 + 𝑌𝑌) in Eqns (3. 13) and (3. 14) results in the central limits and (𝐻𝐻 − 𝑌𝑌) results in the outer limits of the valid range of 𝜃𝜃𝛼𝛼. The evaluation of Eqn (3. 14) 
with + or - 𝑚𝑚 results in the values for the right and left regions respectively.  
For Case 2 the central limit is not considered resulting in a continuous range of 𝜃𝜃, 
with the mechanism only bounded by the two outer limit values of 𝜃𝜃𝛼𝛼. For Case 3, the 
central limits are defined by evaluating Eqns (3. 13) and (3. 14) with (𝐻𝐻 + 𝑌𝑌). There are 
four values of 𝜃𝜃𝛼𝛼 which define the bounds of the valid regions of the pinned link angles 𝜃𝜃 
of both the left and right region respectively. 
 
FIGURE 3.7 DEFINING  𝛼𝛼 LIMITED OSCILLATOR ANGLE 𝜃𝜃 FOR TWO DIFFERENT 
CASES OF PINNED LINK LENGTH 𝜃𝜃 
3.2.4 Switched Input Mechanisms 
For some mechanisms, the slider or the pinned link can be the driver link 
depending on the mode of the linkage. For example, in an IC engine, the crank (pinned 
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link) is the driver during the compression stroke, but the piston is the driver during the 
power stroke. In these cases, both 𝛾𝛾 and 𝛼𝛼 should be specified. 
If both of the transmission angle constraints must be satisfied simultaneously, the 
slider driven and pinned link driven solution spaces must be compared. Each of the two 
solution spaces result in a set of four angles that bound the valid pinned link angles: the 
outer-left, central-left, central-right, and outer-right bounding angles. For Case 2, Case 4, 
and Case B, the central limits are null. These two sets of four angles must then be 
compared to find the limiting values. Because there is a constraint on 𝛼𝛼, 𝜃𝜃0 of Eqn. (2.3) 
need not be considered. 
 For each bounding angle comparison, there are three feasible results: 
Case I:   If there is no overlap, then there are no valid regions of linkage motion.  
Case II:  If there is overlap and all for central angles are null, the result is a 
continuous segment.  This occurs when both Case B and Case 2 true or 
when both Case B and Case 4 are true. 
Case III: Otherwise, there will be a left side and right side range in which the 
mechanism can operate but cannot transfer between the two with 
acceptable transmission angles, forming different transmission-angle-
limited pseudo-circuits of the linkage. These are not true circuits because 
the linkage could potentially pass from one to the other without taking 
the linkage apart, but this cannot occur while satisfying the transmission 
angle constraints. 
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Figure 3.8 shows a sample of the overlapped solution space for an arbitrary linkage 
limited by both the γ and α constraints. Only the open configuration is shown, but a 
similar graphic could be made for the crossed configuration as well. Note how the 
overlap is contained interior to both sets of limits.  
 
 
FIGURE 3.8 OVERLAP OF THE RIGHT SIDE 𝛼𝛼 AND 𝛾𝛾 LIMITS FOR AN ARBITRARY 
LINKAGE  
3.3 Example Mechanism 
A Watt-II sixbar with a slider output for application in a pump is used as an 
example for clarification and to demonstrate the method. As seen in Figure 3.9, the base 
fourbar of the Watt II is a Grashof crank-rocker where the pinned link travels through a 
39.5° arc. The dimensions of this linkage are given in Table 3.1. As the slider is the 
output link, only the pressure angle of the slider, 𝛼𝛼, must be considered. However, for 
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demonstration purposes a minimum transmission angle requirement of 20° is added for 𝛾𝛾; 
this would represent this linkage operating as a motor. In this example, the values of the 
slider offset distance, 𝐻𝐻, that satisfy these constraints will be determined. 
 
FIGURE 3.9 PROBLEM STATEMENT FOR EX2 DEFINING CANDIDATE LINKAGE 
TABLE 3.1 PARAMETERS OF LINKAGE IN EX. 2 
Parameter 𝑅𝑅1 𝑅𝑅2 𝑅𝑅3 𝑅𝑅4 𝑅𝑅5 𝑅𝑅6 𝜃𝜃1 𝛿𝛿4 
Value 4.38 1 4.3 3.13 1.6 1.3 165.7° 30° 
 
Step 1: Define Slider Dyad 
The rocker-slider output of the Watt II is defined by the rocker length R5, the 
coupler length R6, and the rocker swept angle from 𝜃𝜃50to 𝜃𝜃51 . Due to the rocker path 
generated by the crank-rocker input, the swept angle does not cross the y-axis so the right 
side solution for the pinned dyad limited space is considered. It would be impractical to 
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build the pump with the piston on the left side of the coupler link so only the 
configuration shown is considered. 
Step 2: Determine Valid Slider Axis Heights 
The limits on the slider offset due to the γ transmission angle is found by, first, 
solving for 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚, 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚, and 𝜙𝜙𝑘𝑘 from Eqns (2.1) and (3. 5). Next, 𝜓𝜓𝑘𝑘 is found from Eqn 
(3. 4) with 𝜃𝜃𝛾𝛾  set equal to either 𝜃𝜃50or 𝜃𝜃51 . The slider offset is described by: 
   
 𝐻𝐻 = 𝑙𝑙sin𝜃𝜃 (3. 15) 
   
where H has four values associated with  𝜃𝜃50  and 𝜃𝜃51 , using both 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 . 
The limiting values are selected (minimum of the 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 value and maximum of the 
𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 value). The calculated slider offset values and resulting limits are presented in Table 
3.2 and the resulting solution space is shown in Figure 3.10a. 
 
FIGURE 3.10. SLIDER HEIGHT SOLUTION SPACE FOR THE OPEN LINKAGE  
TABLE 3.2 CALCULATED VALUES OF 𝛾𝛾 LIMITED VALUES OF H 
 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 
𝜃𝜃50 𝐻𝐻 = 0.073 𝐻𝐻 = 1.572 
𝜃𝜃51 𝐻𝐻 = 0.311 𝐻𝐻 = 2.79  
Limiting Value 𝐻𝐻 = 0.311 𝐻𝐻 = 1.572 
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A similar process is completed to solve for the α limited space. By computing 
𝑌𝑌 from Eqn. (3. 12) the slider offset is described by: 
   
 𝐻𝐻 = 𝑅𝑅5sin𝜃𝜃𝛼𝛼 ± 𝑌𝑌 (3. 16) 
   
where 𝜃𝜃𝛼𝛼  is set equal to either 𝜃𝜃50or 𝜃𝜃51  resulting in 4 values for H from which 
the limiting values must be selected. The resulting solution space is shown in Figure 
3.10b. The results from the γ and α limited cases must be compared to determine the most 
limiting values of H, as shown in Table 3.3.  
TABLE 3.3 CALCULATED VALUES OF 𝛼𝛼 LIMITED VALUES OF H 
H Min Max 
𝛼𝛼 1.247 1.414 
𝛾𝛾 0.311 1.572 
Limiting Value 1.247 1.414 
 
Step 3: Select a Slider Axis Height 
From the range of acceptable slider offset distances, 𝐻𝐻 can be selected freely. If, 
for example, 𝛼𝛼  were to be minimized and if H is limited by α alone, the average of the 
limits of H would be selected. In general, the transmission angle is smaller as the slider 
axis height approaches the limits. In order to maximize the transmission angle, the 
distance between the axis of slide and the limits is maximized. For this problem, H is 
selected such that γ is maximized. This corresponds to an H of 1.247 in the example.  
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Step 5: Build Solution Linkage  
The resulting sixbar mechanism is shown in Figure 3.11 at both ends of the slider 
displacement and the mid-point. This solution has the largest minimum transmission 
angle between links 𝑅𝑅5 and 𝑅𝑅6 of the open linkage.  
 
FIGURE 3.11 SOLUTION LINKAGE WITH MAXIMIZED MINUMUM TRANSMISSION 
ANGLE FOR THE OPEN LINKAGE OF EX2 
 
3.4 Discussion 
In this section, the application of the solution rectification method to the variable 
displacement linkage pump is discussed. In the context of the adjustable mechanism, the 
example of the previous section directly applies. However, the solution space must be 
expanded to accommodate the varying ground pivot location of the pinned link. 
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Additionally, the output of the variable displacement linkage pump is always the slider so 
only constraints on 𝛼𝛼 are considered for the rocker slider dyad.  
In the synthesis of the linkage pump mechanism, the crank-rocker base four-bar is 
defined according to the methods described in the chapter 2. The solution rectification 
method is then used to create a range of feasible slider offset distances as a function of 
𝑅𝑅1, which define the location of the adjustable ground pivot, and a maximum pressure 
angle, α. This range is then further refined to a solution space that satisfies all ground 
pivot locations simultaneously. As a result, only feasible mechanisms which satisfy the 
user defined constraint are considered during the design and optimization process.  
3.5 Conclusions 
A method of controlling the transmission angles of a four-bar mechanism with a 
pinned link and a slider has been presented, which can be used to prevent defects in 
mechanisms. Methods for both pinned link driven and slider driven were presented along 
with a combination of the two for mechanisms which reverse the driver and driven links. 
A Watt-II linkage pump mechanism was provided as an example to show how the 
method can be used to limit the solution space. The example also demonstrated how 
different aspects of the linkage definition can be used to parameterize the linkage solution 
space. Furthermore, the solution was discussed in context of the variable displacement 
linkage pump mechanism. 
Solution rectification can be especially useful when applied to optimization 
problems. Typically, the inputs to an optimization are meant to be as general and un-
constraining as possible. When optimizing a mechanism, the majority of evaluated 
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linkages have defects and are unusable as a result of this generality. Using these new 
techniques, the evaluation of defective slider mechanisms can be avoided without 
unnecessarily constraining the problem, thus preventing wasted computational effort and 
speeding up optimizations. 
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Chapter 4 Mechanism Force Analysis and Energy Loss Modeling 
4.1 Introduction 
The crank-slider reciprocating piston pump is an architecture that is not actively 
used for variable displacement. These pumps use pin joints, which require less lubrication 
and suffer smaller friction losses in comparison with the prismatic joints used in other 
variable displacement architectures. Both plain and roller bearings can be modeled using 
Coulomb friction, and as a result, the losses in the pin joints of a mechanism scale 
linearly with applied load and angular displacement.  Other works and patents have 
presented the use of adjustable linkages for stroke variation of internal combustion 
engines [18, 31-36], but little can be found with regards to an adjustable linkage-based 
variable hydraulic pump. 
The presented adjustable mechanism, shown in Figure 1.5, is being proposed as 
the driving mechanism of a variable displacement pump. This mechanism is of the 
overlapped 𝑅𝑅1𝑚𝑚𝑚𝑚𝑚𝑚configuration presented in chapter two.  
 
FIGURE 4.1 SCHEMATIC OF VARAIBLE DISPLACEMENT LINKAGE PUMP 
MECHANISM 
  69 
If a pumping piston is attached to the slider, the result is a variable displacement 
pump which can achieve zero displacement and have a constant top dead center position 
of the piston. In contrast to other pump designs, the unswept volume of the proposed 
pumping chamber will remain constant independent of displacement improving pumping 
performance at low displacement.  
However, an energy loss model is required to predict the performance and 
viability of the mechanism as a pumping machine.  The model should be as simple as 
possible while capturing the physics of the system for use in a design optimization. In the 
context of an optimization, the model should be predictive without using experimentally 
determined coefficients.  
Previous chapters have developed the kinematic model including position, 
velocity, and acceleration analysis as well as solution rectification methods for both the 
base crank-rocker fourbar, and the output slider dyad. This chapter develops a 
kinetostatic force analysis of the mechanism and energy loss model for determining the 
performance of the mechanism. The second section describes the force analysis of the 
proposed mechanism. The third section develops the energy loss model. The fourth 
section presents an experimental validation of the model using a single cylinder pump. 
The fifth section presents the results. Conclusions are provided in the sixth section. 
4.2 Force Analysis 
In chapter two, the kinematic model of the linkage was presented and validated. 
In this section, the force analysis of the mechanism is presented. The model is 
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demonstrated with regards to the prototype mechanism presented in Chapter 2. In this 
section, a complete force analysis of the mechanism will be performed. A line diagram of 
this mechanism is shown in Figure 4.2 for reference.  
 
FIGURE 4.2 LINE DIAGRAM AND SCHEMATIC OF LINKAGE USED FOR 
DEVELOPMENT OF FORCE ANALYSIS 
4.2.1 Mechanism Internal Forces 
From the kinematic analysis, the position velocity and accelerations of the 
mechanism can be found. Due to their mass and accelerations, the links themselves apply 
load to the joints in addition to any applied load. To resolve the loading at the mechanism 
joints, a force analysis is required.  
A kineto-static force analysis is completed by applying Newtons second law to 
balance the forces and moments of each link at each angular steps of the input crank 
angle 𝜃𝜃2. The quasi-static method assumes that the position, angular velocity, and angular 
acceleration of any of the links are known at each time step. The forces and torques found 
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are those required to cause the mechanism to achieve these kinetics. This method is used 
because it provides detailed information of the internal forces of the mechanism required 
to estimate the internal losses and design the links of a physical mechanism, and requires 
no differential equations resulting in a computationally lightweight solution. 
Figure 4.3 shows the physical system with labeled forces and locations of the 
center of mass of each link.  
 
FIGURE 4.3 FREE BODY DIAGRAM OF THE MOVING COMPONENTS OF THE 
LINKAGE SHOWING FORCES AND CENTRES OF MASS 
Notice that the external force acting on the slider, 𝑭𝑭𝑝𝑝 is drawn in the positive 
𝑚𝑚 direction. For different configurations of the pump, the piston will be attached to 
different sides of the slider and the sign of this force will change. This is a result of the 
location of the TDC position of the mechanism. In this configuration, the TDC positon is 
on the left side of the slider displacement path. As a result, the pumping piston is loaded 
from the left side and the force is positive. In other configurations, the TDC positon is on 
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the right side of the slider displacement path, so the pumping piston would be loaded 
from the right side and the force would be negative. 
With reference to Figure 4.2, the pin at 𝜃𝜃 is fixed to the connecting rod, and is 
loaded by the rocker and coupler links which share this joint. The pin can be fixed to any 
of the three links at this joint, but the system of equations must be adjusted accordingly. 
If the pin is not physically fixed to a link, it can be assumed to be fixed to any of one the 
links to complete the force analysis, but friction torques, discussed later, cannot be 
calculated. To solve the system, a simultaneous solution is required. Links 2-5 each 
provide three equations, and the slider produces two additional equations to resolve the 
force and moment balance. In total there are fourteen equations and fourteen unknowns: 
the twelve pin forces, the slider reaction force, and the input torque. Since the slider has 
no angular velocity, there is no moment to balance, and solving for the location of the 
center of mass is unnecessary. Additionally, the input crank is considered balanced about 
its rotational axis. The analysis assumes that the internal friction of the mechanism is 
negligible compared to the applied load and that the links are inelastic rigid bodies. The 
applicability of these assumption, however, greatly depends on the loading, operating 
frequency, and mechanism design and should be evaluated on a case by case bases.  The 
internal friction is considered later in section 4.2.2.3.  
4.2.1.1 System of Equations 
The set of dynamic force balance equations for each link are now presented with 
respect to Figure 4.3.  
For Link 2 
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 𝐹𝐹32𝑚𝑚 − 𝐹𝐹12𝑚𝑚 = 0 (4.1) 
   
 𝐹𝐹32𝑦𝑦 − 𝐹𝐹12𝑦𝑦 = 0 (4.2) 
   
 𝑻𝑻12 +𝑅𝑅32(𝜃𝜃𝑜𝑜𝑡𝑡 𝜃𝜃2𝐹𝐹32𝑦𝑦 − 𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃2𝐹𝐹32𝑚𝑚) = 𝐼𝐼2𝛼𝛼2 (4.3) 
   
where 𝐼𝐼𝑗𝑗 is the moment of inertia of link 𝑗𝑗. 
For Link 3 
   
 𝐹𝐹53𝑚𝑚 − 𝐹𝐹32𝑚𝑚 = 𝑚𝑚3𝐴𝐴𝑔𝑔3𝑚𝑚 (4.4) 
   
 𝐹𝐹53𝑦𝑦 − 𝐹𝐹32𝑦𝑦 = 𝑚𝑚3𝐴𝐴𝑔𝑔3𝑦𝑦 (4.5) 
   
 𝑅𝑅23�𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃3𝐹𝐹32𝑦𝑦 − 𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃3𝐹𝐹32𝑚𝑚� + 𝑅𝑅53(𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃3𝐹𝐹53𝑦𝑦 − 𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃3𝐹𝐹53𝑚𝑚) = 𝐼𝐼3𝛼𝛼3 (4.6) 
   
where 𝐴𝐴𝑔𝑔𝑗𝑗𝑚𝑚 and 𝐴𝐴𝑔𝑔𝑗𝑗𝑦𝑦 are the 𝑚𝑚 and 𝑣𝑣 components of the acceleration of the center of 
gravity of link 𝑗𝑗. 
For Link 4 
   
 −F14x + F54x = m4Ag4x (4.7) 
   
 −F14y + F54y = m4Ag4y (4.8) 
   
 R14�cosθ4F14y − sinθ4F14x� + R54(cosθ4F54y − sin θ4F54x) = I4α4 (4.9) 
   
For Link 5 
    F65x − F54x − F53x = m5Ag5x (4.10)     F65y − F54y − F53y = m5Ag5y (4.11)     
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 𝑅𝑅65�𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃5𝐹𝐹65𝑦𝑦 − 𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃5𝐹𝐹65𝑚𝑚� + (4.12)  𝑅𝑅35�𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃5�𝐹𝐹54𝑦𝑦 + 𝐹𝐹53𝑦𝑦� − 𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃5 (𝐹𝐹54𝑚𝑚 + 𝐹𝐹53𝑚𝑚)  � =  𝐼𝐼5𝛼𝛼5 
   
The slider provides 2 additional equations. 
   
 𝐹𝐹𝑝𝑝 − 𝐹𝐹65𝑚𝑚 = 𝑚𝑚𝑠𝑠𝐴𝐴𝑠𝑠  (4.13) 
   
 𝐹𝐹16𝑦𝑦 − 𝐹𝐹65𝑦𝑦 = 0 (4.14) 
   
This system of equations can be solved simultaneously or combined to find the 
solution explicitly.  
4.2.2 Internal Friction of the Mechanism 
Due to the loading and the relative motion of the links, there are friction forces at 
each joint and the slider that oppose motion. The friction forces are considered internal to 
the mechanism because they are a function of the joint forces and also contribute to the 
joint forces themselves. While there may be other external frictions, they are considered 
separately because they are not inherent to the design. In this section, the internal forms 
of friction are modeled and discussed in further detail. 
4.2.2.1 Crosshead Bearing Friction 
In the pumping head of a reciprocating pump there are four primary components: 
The slider, the crosshead bearing, the cylinder, and the piston or plunger. Figure 4.4 
provides clarification between the various components. The slider is the link attached to 
the mechanism as depicted in Figure 4.1. The crosshead is the linear bearing which reacts 
the slider side load and centers the piston. The piston is the pumping element used to 
displace fluid in the cylinder and the cylinder is the chamber which contains the piston. 
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The piston cylinder interface is shown here as having a gap between the cylinder wall 
with seals to prevent leakage, but many arrangements are possible such as a small 
clearance seal. If the seal is fixed to the cylinder, the pumping element is called a 
plunger. If the seals are fixed to the pumping element, it is referred to as a piston. 
 
FIGURE 4.4 SCHEMATIC OF GENERIC PUMPING HEAD DEPICTING PRIMARY 
COMPONENTS 
Depending on the type of lubrication at the interface of the slider and the 
crosshead bearing, different types of friction may be exhibited. Viscous friction is caused 
by the shearing of a film of fluid which may exist between the slider and the bearing due 
to the relative motion. Coulomb friction is caused by direct contact between the slider 
and the bushing. 
If there is forced lubrication or hydrodynamic lubrication that prevents contact, 
only viscous friction exists in the crosshead bearing. If insufficient lubrication is 
provided, mixed boundary lubrication occurs. If no forced lubrication is used, Coulomb 
friction can be assumed.  
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This model does not consider viscous friction in the crosshead because splash 
lubrication is used. Viscous friction is modeled later for the piston-cylinder interface. The 
magnitude of the Coulomb friction force in the crosshead bearing is found by: 
   
 𝐹𝐹𝑐𝑐𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐ℎ𝑒𝑒𝑚𝑚𝑒𝑒 = −𝜇𝜇𝑘𝑘𝑐𝑐|𝐹𝐹16𝑦𝑦|𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(𝑣𝑣𝑠𝑠) (4.15) 
   
where 𝜇𝜇𝑘𝑘𝑐𝑐  is the coefficient of friction between the slider and bushing of the crosshead, 
and 𝐹𝐹16, shown in Figure 4.3, is the normal force. The negative sign denotes that the force 
opposes the motion of the slider. 
4.2.2.2 Friction Torque at Pin Joints 
The present mechanism is modeled as having plain bearings in the revolute pin 
joints. These bearings consist of a cylinder which provides a running surface for a pin, as 
shown in Figure 4.5. The interface between the pin and bearing is modeled by Coulomb 
friction. The figure shows the loading and relative motion between two links. The pin is 
fixed to Link B and the bearing surface is fixed to Link A. The relative motion is denoted 
by the curved arrow direction and the normal force is shown as applied to the pin. The 
friction force 𝐹𝐹𝑐𝑐𝑓𝑓 acts at a distance from the center of the pin and opposes the relative 
motion resulting in a friction torque applied to the joint. This torque can be taken with 
respect to the pin or the bushing   
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FIGURE 4.5 SCHEMATIC OF LINKAGE JOINT FOR DETERMINATION FRICTION 
FRICTION TORQUE 
The friction torque is found by: 
   
 
𝑀𝑀𝜇𝜇𝑗𝑗 = −𝜇𝜇𝑘𝑘𝑗𝑗𝐹𝐹𝑁𝑁 𝑟𝑟𝑗𝑗2  𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(𝜔𝜔𝐴𝐴 − 𝜔𝜔𝐵𝐵) (4.16) 
   
where 𝜇𝜇𝑘𝑘𝑗𝑗  is the coefficient of friction between the pin and bearing of the joint,𝑟𝑟𝑗𝑗  is the 
nominal diameter of the pin, 𝜔𝜔𝐵𝐵 is the angular velocity of the pin, and 𝜔𝜔𝐴𝐴 is the angular 
velocity of the bushing. Roller bearings can also be modeled with Coulomb friction and 
have an equivalent coefficient of friction two orders of magnitude lower than plane 
bearings[91] but aren’t used here to provide a simpler design.   
4.2.2.3 System of Equations Including Friction 
Because the friction forces and torques are a function of the applied load, they 
must be included in the simultaneous solution. Each of the pin joints and the crosshead 
provide one additional equation and one unknown. Furthermore, the friction force on the 
piston does not act along the axis of slider and therefore imparts a moment on the piston 
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which must be reacted by the crosshead bearing. As a result, the system of equations 
consists of 21 equations and 21 unknowns. Note that there are only 14 unknowns in the 
system that neglects friction. A free body diagram showing the friction torques and forces 
is provided in Figure 4.6. The friction torques and moments are in addition to forces in 
the free body diagram of Figure 4.3. 
 
FIGURE 4.6 FREE BODY DIAGRAM OF MECHANISM SHOWING FRICTION 
TORQUES AND FORCES 
For Link 2 
   
 𝐹𝐹32𝑚𝑚 − 𝐹𝐹12𝑚𝑚 = 0 (4.17) 
   
 𝐹𝐹32𝑦𝑦 − 𝐹𝐹12𝑦𝑦 = 0 (4.18) 
   
 
𝑴𝑴𝜇𝜇𝑚𝑚 = −�𝐹𝐹12𝑚𝑚2 + 𝐹𝐹12𝑦𝑦2 𝜃𝜃𝑚𝑚𝜇𝜇𝑚𝑚𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(𝜔𝜔2) (4.19) 
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𝑴𝑴𝜇𝜇𝑏𝑏 = −�𝐹𝐹32𝑚𝑚2 + 𝐹𝐹32𝑦𝑦2 𝜃𝜃𝑏𝑏𝜇𝜇𝑏𝑏𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(𝜔𝜔3 − 𝜔𝜔2) (4.20) 
   
 𝑻𝑻12 +𝑅𝑅32(𝜃𝜃𝑜𝑜𝑡𝑡 𝜃𝜃2𝐹𝐹32𝑦𝑦 − 𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃2𝐹𝐹32𝑚𝑚) + 𝑴𝑴𝜇𝜇𝑚𝑚 −𝑴𝑴𝜇𝜇𝑏𝑏 = 𝐼𝐼2𝛼𝛼2 (4.21) 
   
where 𝑀𝑀𝜇𝜇𝑗𝑗is the friction moment at pin 𝑗𝑗, 𝜃𝜃𝑗𝑗, is the radius of pin 𝑗𝑗, and 𝜇𝜇𝑗𝑗 is the coefficient 
of friction at joint 𝑗𝑗. 
For Link 3 
   
 𝐹𝐹53𝑚𝑚 − 𝐹𝐹32𝑚𝑚 = 𝑚𝑚3𝐴𝐴𝑔𝑔3𝑚𝑚 (4.22) 
   
 𝐹𝐹53𝑦𝑦 − 𝐹𝐹32𝑦𝑦 = 𝑚𝑚3𝐴𝐴𝑔𝑔3𝑦𝑦 (4.23) 
   
 
𝑴𝑴𝜇𝜇𝑐𝑐3 = −�𝐹𝐹53𝑚𝑚2 + 𝐹𝐹53𝑦𝑦2 𝜃𝜃𝑐𝑐3𝜇𝜇𝑐𝑐3𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(𝜔𝜔5 − 𝜔𝜔3) (4.24) 
   
 𝑅𝑅23�𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃3𝐹𝐹32𝑦𝑦 − 𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃3𝐹𝐹32𝑚𝑚� + 𝑅𝑅53�𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃3𝐹𝐹53𝑦𝑦 − 𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃3𝐹𝐹53𝑚𝑚� (4.25)  −𝐌𝐌µc3 + 𝐌𝐌µB = 𝐼𝐼3𝛼𝛼3 
   
For Link 4 
   
 −F14x + F54x = m4Ag4x (4.26) 
   
 −F14y + F54y = m4Ag4y (4.27) 
   
 
𝑴𝑴𝜇𝜇𝑐𝑐4 = −�𝐹𝐹54𝑚𝑚2 + 𝐹𝐹54𝑦𝑦2  𝜃𝜃𝑐𝑐4𝜇𝜇𝑐𝑐4𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(𝜔𝜔5 − 𝜔𝜔4) (4.28) 
   
 
𝑴𝑴𝜇𝜇𝑒𝑒 = −�𝐹𝐹14𝑚𝑚2 + 𝐹𝐹14𝑦𝑦2  𝜃𝜃𝑑𝑑𝜇𝜇𝑑𝑑𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(𝜔𝜔4) (4.29) 
   
 R14�cosθ4F14y − sinθ4F14x� + R54�cosθ4F54y − sinθ4F54x� (4.30)  +𝐌𝐌µd −𝐌𝐌µc4 = I4α4 
   
For Link 5 
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    F65x − F54x − F53x = m5Ag5x (4.31)     F65y − F54y − F53y = m5Ag5y (4.32)    
 
𝑴𝑴𝜇𝜇𝑒𝑒 = �𝐹𝐹65𝑚𝑚2 + 𝐹𝐹65𝑦𝑦2  𝜃𝜃𝑒𝑒𝜇𝜇𝑒𝑒𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(𝜔𝜔5) (4.33) 
   
 𝑅𝑅65�𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃5𝐹𝐹65𝑦𝑦 − 𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃5𝐹𝐹65𝑚𝑚� + 
(4.34)  𝑅𝑅35�𝜃𝜃𝑜𝑜𝑡𝑡𝜃𝜃5𝐹𝐹54y − 𝑡𝑡𝑚𝑚𝑚𝑚𝜃𝜃5𝐹𝐹54𝑚𝑚 + cosθ5F53y − sinθ5F53x� 
 −𝑴𝑴𝜇𝜇𝑒𝑒 + 𝑴𝑴𝜇𝜇𝑐𝑐3 + 𝑴𝑴𝜇𝜇𝑐𝑐4 = 𝐼𝐼5𝛼𝛼5 
   
And the final equations come from the slider 
   
 Fp − F65x − |F16y|µkc𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚�𝑣𝑣𝑠𝑠𝑚𝑚� = msAs (4.35) 
   
 𝐹𝐹16𝑦𝑦 − 𝐹𝐹65𝑦𝑦 = 0 (4.36) 
   
 
𝐹𝐹16𝑦𝑦 �−𝜖𝜖 −
𝜇𝜇𝑘𝑘𝑐𝑐𝑟𝑟𝑝𝑝2 𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚�𝑣𝑣𝑠𝑠𝑚𝑚�� + 𝑴𝑴𝜇𝜇𝑒𝑒 = 0 (4.37) 
   
where 𝜖𝜖 is the required moment arm to balance the moment at the slider as shown in 
Figure 4.6. 
The magnitudes of the forces are required to determine the friction torque in the 
joints. This magnitude of a force at a joint is �𝐹𝐹𝑚𝑚2 + 𝐹𝐹𝑦𝑦2 resulting in 6 non-linear 
equations requiring an iterative solver. Quickly it becomes apparent that including 
friction torque in the system of equations increases the complexity of the solution 
method.  
4.2.3 External Friction 
Friction which is not inherent to the mechanism design is considered external. In a 
pumping application, these external friction loads are introduced by seals. Depending on 
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the application, different seals will be used. The section gives the friction forces 
introduced by the piston-cylinder interface, piston seals, and input shaft seals. 
4.2.3.1 Piston-Cylinder Interface 
The friction in piston-cylinder interface are similar to those of the crosshead 
bearing. However, if a linear crosshead bearing is used to center the piston in the 
cylinder, no contact occurs, resulting in fluid film lubrication. The piston-cylinder 
interface of Figure 4.4 had positive seals to prevent leakage. Positive seals introduce 
friction which can be avoided with a clearance seal that limits leakage due to the very 
small channel created by the gap between the piston and cylinder. The leakage past the 
piston results in a consistent lubrication gap. Viscous friction is caused by the shearing of 
the fluid in this gap due to the relative motion. The viscous friction of the piston is a 
function only of the piston velocity which can be calculated independently and added to 
the piston force in the model.  
The modeled pump uses a crosshead bearing and clearance seal so only viscous 
friction is considered for the piston cylinder interface. From Newton’s law of viscosity, 
the viscous friction force in the piston-cylinder gap can be expressed as: 
   
 𝐹𝐹𝑣𝑣 = −𝜋𝜋𝑟𝑟𝑝𝑝𝑙𝑙𝑝𝑝 𝜇𝜇𝑑𝑑ℎ 𝑣𝑣𝑠𝑠  (4.38) 
   
where 𝑟𝑟𝑝𝑝 is the piston diameter, 𝑙𝑙𝑝𝑝 is the piston length,  𝜇𝜇𝑑𝑑 is the dynamic viscosity of the 
fluid, h is the radial piston clearance, and 𝑣𝑣𝑠𝑠 is the relative velocity of the piston and 
cylinder. The negative sign denotes that the force opposes the motion.  
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4.2.3.2 Piston Seals 
When pumping corrosive or non-lubricating fluids, pumps employ positive seals 
that make contact with the reciprocating piston to prevent fluid from leaking into the 
pump case. Typically these seals are charged, meaning that the load on the piston surface 
increases with pressure allowing them to maintain a positive seal. The friction of positive 
seals is not modeled here as clearance seals are used in the prototypes, and the model 
depends greatly on the type of seal used. 
4.2.3.3 Shaft Seal 
The pump case of a reciprocating pump is flooded with lubricating fluid which is 
distributed to the joints by splash lubrication. Shaft seals prevent lubrication fluid from 
leaking out of a pump case. These low pressure lip seals are fixed to the pump body and 
maintain contact with the input shaft as it rotates. As a result there is a friction torque 
introduced. This shaft seal torque is largely considered negligible but an estimate is 
provided by [92]:  
   
 
𝑇𝑇𝑆𝑆𝑆𝑆  =  15.095 𝐷𝐷𝑠𝑠2𝜔𝜔213 (4.39) 
   
where 𝐷𝐷𝑠𝑠  is the input shaft diameter in meters and 𝜔𝜔 is the shaft speed in radians per 
second. The coefficient 15.095 is an empirical value provided but a seal 
manufacturer[92]. The above equation has been adapted from the source to return the 
torque in 𝑁𝑁𝑚𝑚 and assumes no pressure differential across the seal. For a 25mm input 
shaft operating at 1800rpm, the model predicts a shaft torque of .056Nm which can be 
neglected.  
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4.3 Energy Loss Modeling 
With the internal and external forces and frictions determined, the energy losses 
in the mechanism can be calculated. The external piston forces, such as the viscous 
friction force and piston seal friction, are added to the piston pressure force input to the 
internal friction model according to: 
   
 𝐹𝐹𝑚𝑚𝑝𝑝𝑝𝑝𝑎𝑎𝑚𝑚𝑒𝑒𝑑𝑑 = 𝐹𝐹𝑝𝑝 + ∑𝐹𝐹𝑓𝑓𝑟𝑟𝑒𝑒𝑚𝑚𝑥𝑥  (4.40) 
   
   
where 𝐹𝐹𝑝𝑝 is the pressure force applied to the piston and ∑𝐹𝐹𝑓𝑓𝑟𝑟𝑒𝑒𝑚𝑚𝑥𝑥 is the sum of external 
friction forces acting on the piston.  
All of the internal frictions are then solved simultaneously using the nonlinear 
system of equations. The shaft seal torque can then be added to the input shaft torque. 
The total input work can then be calculated by: 
   
 
𝑊𝑊𝑚𝑚𝑚𝑚 = �(𝑇𝑇12 + 𝑇𝑇𝑠𝑠𝑠𝑠)𝜔𝜔2 𝑟𝑟𝐿𝐿 (4.41) 
   
where 𝑇𝑇12 is the shaft torque which accounts for all of the modeled losses, and 𝜔𝜔2 is the 
input shaft speed. To determine the contributions of the individual loss mechanisms, their 
energy losses must be integrated separately, as described next.  
4.3.1 Coulomb Friction Energy Loss 
In general, the Coulomb friction energy loss of a linear bearing can be estimated 
by: 
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 𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶𝑎𝑎𝐶𝐶𝑚𝑚𝑏𝑏 = ∫ 𝐹𝐹𝐶𝐶𝐶𝐶𝐶𝐶𝑎𝑎𝐶𝐶𝑚𝑚𝑏𝑏𝑣𝑣𝑠𝑠𝐶𝐶𝑟𝑟𝑓𝑓𝑚𝑚𝑐𝑐𝑒𝑒𝑟𝑟𝐿𝐿 (4.42) 
   
where  𝐹𝐹𝑐𝑐𝐶𝐶𝐶𝐶𝑎𝑎𝐶𝐶𝑚𝑚𝑏𝑏 is the friction force found by Eqn (4.15) and 𝑣𝑣𝑠𝑠𝐶𝐶𝑟𝑟𝑓𝑓𝑚𝑚𝑐𝑐𝑒𝑒 is the relative 
velocity between the friction surfaces. For the crosshead bearing the Eqn. becomes: 
   
 𝐸𝐸𝐶𝐶𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐ℎ𝑒𝑒𝑚𝑚𝑒𝑒 = ∫ 𝐹𝐹𝐶𝐶𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐ℎ𝑒𝑒𝑚𝑚𝑒𝑒𝑣𝑣𝑠𝑠𝑟𝑟𝐿𝐿 (4.43) 
   
The energy loss in the pin joints is found by integrating the friction moments with 
the respect to the relative velocities between the shared links. For example, pin  𝐺𝐺 is fixed 
to the crank link, and the bearing is fixed to the coupler link. The relative angular velocity 
between the pin and the bearing is 𝜔𝜔2 − 𝜔𝜔3. The energy loss at a revolute joint can be 
found by: 
   
 𝐸𝐸𝑐𝑐𝑓𝑓𝑗𝑗 = ∫𝑴𝑴𝝁𝝁𝒋𝒋𝑟𝑟𝜃𝜃 = ∫𝑴𝑴𝝁𝝁𝒋𝒋𝜔𝜔𝑟𝑟𝐿𝐿 (4.44) 
   
where 𝑟𝑟𝜃𝜃 is the relative change in angle between the link joint and the pin, and 𝜔𝜔 is the 
relative angular velocity between the link joint and the pin. Any change in direction of 
relative velocity is accounted for in Eqn (4.16). The energy loss at each joint can be 
calculated separately allowing for rapid identification of high loss pin joints. The pin 
losses can also be summed for comparison to other loss mechanisms.  
4.3.2 Viscous Friction 
The energy loss due to viscous friction is expressed as: 
   
 𝐸𝐸𝑣𝑣 = ∫ 𝐹𝐹𝑣𝑣𝑟𝑟𝑚𝑚 = ∫ 𝐹𝐹𝑣𝑣𝑣𝑣𝑠𝑠𝑟𝑟𝐿𝐿 (4.45) 
   
Inserting (4.38) into (4.45) yields: 
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𝐸𝐸𝑣𝑣 = −𝜋𝜋𝑟𝑟𝑝𝑝𝑙𝑙𝑝𝑝 𝜇𝜇𝑑𝑑ℎ �𝑣𝑣𝑠𝑠2𝑟𝑟𝐿𝐿 (4.46) 
   
This result demonstrates that the viscous friction energy loss is a function of the square of 
the relative velocity between the piston and cylinder. If speed is doubled, the viscous 
friction energy loss is quadrupled.  
4.3.3 Seal Friction  
Energy loss at the shaft seal is found by: 
   
 𝐸𝐸𝑠𝑠𝑠𝑠 = ∫ 𝑇𝑇𝑠𝑠𝑠𝑠𝑟𝑟𝜃𝜃2 = ∫ 𝑇𝑇𝑠𝑠𝑠𝑠𝜔𝜔2𝑟𝑟𝐿𝐿 (4.47) 
   
where 𝑇𝑇𝑠𝑠𝑠𝑠 is the shaft seal torque from Eqn. (4.39) and 𝜔𝜔2 is the input shaft speed. 
4.4 Single Cylinder Validation 
To evaluate the mechanical energy loss model, the mechanism presented in 
Chapter 2 was modified to act as a low power prototype pump and an experimental 
validation of the model was conducted. The primary objective of the pump was to 
validate the model and the pumping capabilities were used as a method of creating a load 
for comparison. This section introduces the prototype, the experimental methods, and the 
model validation. 
4.4.1 Prototype Pumping Machine 
The prototype was designed to accommodate a pressure of 5 MPa with a 
maximum volumetric displacement of 8.7 cm3/rev. The optimization of the linkage 
kinematics presented in Chapter 2 was used to determine the link length ratios. The 
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mechanism was then scaled to meet the displacement requirement and handle the applied 
forces. 
The volumetric displacement is a function of the piston area and the maximum 
stroke of the pump according to: 
   
 𝑉𝑉𝐷𝐷 = 𝜋𝜋𝑟𝑟𝑝𝑝24 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 (4.48) 
   
where 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 is the maximum piston stroke, and 𝑟𝑟𝑝𝑝 is the piston diameter. Displacement 
can be increased by increasing either the piston diameter, or stroke length. The piston 
force is a function of the piston cross-sectional area of the piston, while the mechanism 
size and dynamic velocities and accelerations are a function of the stroke, resulting in a 
tradeoff. In the case of the prototype, the peak piston forces drove the design. The 
crosshead bearing used in the pump limited the peak velocity of the slider to 3 𝑚𝑚/𝑡𝑡 . The 
mechanism was scaled to achieve this peak velocity at 30Hz operating frequency.  
The links and pins were designed to have a static loading safety factor of 5. 
Fatigue loading was not considered due to the low number of cycles intended for the 
mechanism. Plain bronze bushings were used in the joints due to the limiting size of the 
link lengths. Roller bearing were incorporated into the pump body for the crank shaft. 
The mechanism was hand lubricated and no shaft seal was used.  
Inline check valves on the hydraulic manifold provide passive flow control to 
create a pumping action as the piston reciprocates. A hydraulic cylinder controls the 
displacement by actuating the displacement adjustment link, causing the adjustable 
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ground pivot to rotate about the adjustment point. Figure 4.7 shows a cross sectional view 
of the mechanism and a model rendering is provided in Figure 4.8. The resultant design 
variables used in the analysis are listed in Table 4.1. 
  
FIGURE 4.7 PROTOTYPE VARIABLE DISPLACEMENT LINKAGE PUMP USED FOR 
LOW POWER EXPERIMENTAL VALIDATION 
 
FIGURE 4.8 MODEL RENDERING OF PUMPING MECHANISM 
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TABLE 4.1  DESIGN TABLE OF PROTOTYPE VALUES FOR MODELING 
PROTOTYPE DESIGN TABLE Symbol Description Value Unit 
𝒅𝒅𝒑𝒑 Piston Diameter 0.0246 [𝑚𝑚] 
𝒉𝒉 Piston Cylinder Gap Height 4.00 [𝜇𝜇𝑚𝑚] 
𝒓𝒓𝟏𝟏 Length of Link 2 8.9 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝟑𝟑 Length of Link 3 15.98 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝟒𝟒 Length of Link 4 15.98 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝟓𝟓 Length of Link 5 15.98 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝒈𝒈𝟑𝟑 Distance to Cg of 
Link 3 
3.56 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝒈𝒈𝟒𝟒 Distance to Cg of 
Link 4 
7.99 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝒈𝒈𝟓𝟓 Distance to Cg of 
Link 5 
5.37 [𝑚𝑚𝑚𝑚] 
𝟏𝟏𝟑𝟑 Mass of link 3 11.17 [𝐿𝐿𝜃𝜃𝑚𝑚𝑚𝑚] 
𝟏𝟏𝟒𝟒 Mass of link 4 4.44 [𝐿𝐿𝜃𝜃𝑚𝑚𝑚𝑚] 
𝟏𝟏𝟓𝟓 Mass of link 5 8.12 [𝐿𝐿𝜃𝜃𝑚𝑚𝑚𝑚] 
𝟏𝟏𝒔𝒔 Mass of slider link 112.4 [𝐿𝐿𝜃𝜃𝑚𝑚𝑚𝑚] 
𝒍𝒍𝒑𝒑 Length of Piston 
Sealing Surface 
17.8 [𝑚𝑚𝑚𝑚] 
𝑷𝑷 Location of Pivot 
Point 
2.1 + 6.8𝑚𝑚 [𝑚𝑚𝑚𝑚] 
𝒉𝒉𝒔𝒔𝟏𝟏 Distance to axis of 
slide from x axis 
15.8 [𝑚𝑚𝑚𝑚] 
𝒓𝒓 Pin radius 2.4 [𝑚𝑚𝑚𝑚] 
𝝁𝝁𝒅𝒅 Coefficient of 
dynamic viscosity* 
0.061 [𝑀𝑀𝑚𝑚 𝑡𝑡] 
𝝁𝝁𝒌𝒌 Coefficient of friction 
for pins [91] 
0.173 [𝑀𝑀𝑚𝑚𝑚𝑚𝐿𝐿𝑙𝑙𝐿𝐿𝑡𝑡𝑡𝑡] 
𝝁𝝁𝒌𝒌𝒄𝒄 Coefficient of friction 
for crosshead bearing 
[91] 
0.12 [𝑀𝑀𝑚𝑚𝑚𝑚𝐿𝐿𝑙𝑙𝐿𝐿𝑡𝑡𝑡𝑡] 
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𝝁𝝁𝒌𝒌𝒓𝒓𝒓𝒓  Coefficient of friction 
for input shaft 
bearing [91] 
.005 [𝑀𝑀𝑚𝑚𝑚𝑚𝐿𝐿𝑙𝑙𝐿𝐿𝑡𝑡𝑡𝑡] 
𝜸𝜸𝟏𝟏𝒊𝒊𝟏𝟏 Minimum linkage 
transmission angle 
30 [𝑟𝑟𝐿𝐿𝐿𝐿] 
*Based on ISO grade 46 Hydraulic Oil at 30°C 
 
 
4.4.2 Experimental Setup 
With the objective of validating the force and energy loss model, an experimental 
setup was developed. The pressure on the piston provided a measurable varying input 
load on the mechanism, and the shaft torque provided a measurable output of the 
mechanism for model comparison. A non-contact torque transducer and optical encoder 
measured the torque and angular velocity of the input shaft and allowed for the 
calculation of the input work. A pressure transducer in the cylinder is used to evaluate the 
piston force,  𝐹𝐹𝑝𝑝. A hydraulic accumulator is included to maintain the set pressure and 
smooth pressure pulsations.  
The variable linkage pump is driven by an electric motor. The angular velocity of 
the AC motor is controlled using a variable frequency drive. For certain experiments, a 
gear reducer with a ratio of 10:1 was used to prevent large angular velocity fluctuations at 
low shaft speeds. A schematic of the experimental setup is provided in Figure 4.9. 
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FIGURE 4.9 HYDRAULIC CIRCUIT DIAGRAM DISPLAYING THE EXPERIMENTAL 
SETUP 
A series of 6 experiments were conducted with the pressure varying between 1.2 
MPa and 3.45 MPa at input speeds between 3 Hz and 9 Hz. The shaft speeds were kept 
low to minimize fluid dynamic effects, which are not modeled here. Data were collected 
for a total of 5 seconds per experiment at a sample rate of 10 kHz. A digital low-pass 
filter with a pass band of 1kHz was applied to the data to remove high frequency noise 
associated with the AC drive and other electronic devices in the lab.  
For a given experiment, the displacement was set with the hydraulic cylinder 
acting on the control link. A set of machined pins were constructed to limit the travel of 
the control link with reference to the pump body. The cylinders lengths determined the 
displacement. Next, the shaft speed was then set using the variable frequency drive for 
control. The pressure was then set by adjusting the relief valve. The pump ran in this 
condition for 30 seconds allowing it to reach cyclic steady state. Data from the sensors 
was then collected for 5 seconds to capture multiple cycles of pumping action. 
  91 
The experimentally measured cylinder pressure and input crank angle data are 
inserted into the model to predict the shaft work. The validated kinematics model is used 
to predict the velocities, and accelerations of the links and piston for use in the 
mechanism model. These predicted values are then compared to the measured shaft work.  
4.5 Results 
In total, 64 conditions were measured to validate the mechanical energy loss 
model. Sample data from the 2.4MPa, 6Hz, and 100% displacement experiment is 
presented to demonstrate detailed results as a representative condition and a compilation 
of the data sets provide a large scale comparison of the measured and predicted shaft 
energy work.  
The experimentally measured cylinder pressure and shaft speed are used as inputs 
to the model and a single cycle of each are shown in Figure 4.10 and Figure 4.11 
respectively. The 𝑚𝑚 axis of both plots is the crank angle of the input shaft where 0° is 
aligned with the top dead center position of the piston. These data are input into the 
model to predict shaft torque and energy input. 
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FIGURE 4.10 EXPERIEMNTALLY MEAURED CYLINDER PRESSURE TAKEN AT 2.4 
MPA, 6HZ AND 100% DISPLACEMCENT OPERATING CONDITIONS 
 
FIGURE 4.11 EXPERIEMNTALLY MEAURED SHAFT SPEED TAKEN AT 2.4 MPA, 
6HZ AND 100% DISPLACEMCENT OPERATING CONDITIONS 
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Figure 4.12 shows the modeled and experimentally measured shaft torque from 
the same experiment as above.  
 
FIGURE 4.12 MODEL AND EXPERMINETAL TORQUE VALUES MEASURED AT 100 
% DISPLACMENT 2.4𝑀𝑀𝑀𝑀𝑚𝑚 AND 6HZ 
Figure 4.13 compares the experimentally measured work input per input shaft 
revolution, as measured by the input shaft speed and torque, to that predicted by the 
model for various pressures and frequencies. The model results are for the experimentally 
measured operating speed and pressure at each experimental data point. 
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FIGURE 4.13 WORK INPUT EXPERIMENTAL DATA PLOTTED AGAINST MODEL AT 
VARIOUS FREQUENCIES AND PRESSURES 
4.6 Discussion 
The pressure trace of Figure 4.10 lags the pistons return to bottom dead center due 
to the slow response of the inlet and outlet check valves, which is a result of the fluid 
dynamics. The pump acts as a motor for a short time period as the piston retracts and the 
cylinder pressure stays high. The negative shaft torques measured during this period 
verifies this motoring effect as is shown in Figure 4.12. The pressure dynamics effects 
and check valve behavior are discussed further in Chapter 6. 
The shaft speed oscillation, shown in Figure 4.11, is due to the large torque 
fluctuations at the crank shaft demonstrated in Figure 4.12. The shaft torque varies from 
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1Nm to ~ 10Nm over the course of a single cycle. A multi-cylinder design would reduce 
these large fluctuations in shaft torque. 
Figure 4.13 and Figure 4.12 show excellent agreement between the model and 
experimental results for both work input and the shaft torque prediction. The model is 
able to predict the input shaft work using only the pressure signal of the pump and the 
input shaft speed over a wide range of displacements and operating frequencies. The 
model uses no experimentally measured values to predict performance. All coefficients 
used are readily available in literature and have been provided for reference. The linear 
nature of the work input vs displacement of Figure 4.13 show that the losses scale with 
displacement as predicted. 
With the model generally validated, it is used to determine the energy loss 
contributions of the various loss mechanism. Figure 4.16 shows the relative contributions 
of the energy loss mechanisms as a function of displacement from the 2.4MPa and 3Hz 
experiment as predicted by the model. The dominant loss mechanism the prototype is the 
pin friction, and the viscous friction increases quadratically with displacement as 
expected.  
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FIGURE 4.14 COMPARISON OF THE MODELED MECHANICAL ENERGY LOSS 
MECHANISMS 
The slope of the crosshead friction and pin friction energy losses decrease with 
increased displacement. As the displacement is increased, the crosshead peak forces 
become shifted from the peak velocities, as demonstrated in Figure 4.15, a plot of the 
slider velocity and crosshead normal force through a cycle. 0 and 2π radians are 
associated with the top dead center position of the piston and the point at which the 
velocity curve crosses the 𝑚𝑚 axis is associated with bottom dead center. The transmission 
angles of the rocker-slider dyad vary with displacement. For this mechanism, the 
transmission angles are favorable at bottom dead center causing reduced normal force on 
the slider. At top dead center however, the transmission angle of the rocker-slider dyad is 
constant independent of displacement. The peak normal forces occur as the piston 
approaches TDC and are similar due to the constant transmission angle.  
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FIGURE 4.15 COMPARISON OF MODELED CROSSHEAD VELOCITY AND SIDE 
LOAD OVER A CYCLE AT VARIOUS DISPLACEMENTS 
Table 4.2 shows the model predicted energy loss contributions of the 
experimental conditions discussed above at 100% displacement. The shaft seal energy 
loss was less than 0.1%, so was not included. The viscous friction of the piston and 
Coulomb friction of the crosshead hearing were similar in magnitude, accounting for a 
quarter of the energy losses at maximum displacement. The rest of the mechanical losses 
were generated by the revolute joints. 
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TABLE 4.2 ENERGY LOSS MECHANISMS AND THEIR CONTRIBUTIONS TO 
FRICTION IN THE MECHANISM MODELED FROM EXPERIMENTAL DATA 
Symbol Loss Mechanism Bearing Type Energy Lost 
Over Cycle 
% of Total 
Losses 
𝑀𝑀_(𝜇𝜇_𝑚𝑚 ) Friction torque at 
pin a Roller 0.04 𝐽𝐽 01.1% 
𝑀𝑀_(𝜇𝜇_𝐺𝐺 ) Friction torque at 
pin b Bushing 1.20 𝐽𝐽 33.3% 
𝑀𝑀_(𝜇𝜇_𝜃𝜃3 ) Friction torque at 
pin c3  Bushing 0.42 𝐽𝐽 11.6% 
𝑀𝑀_(𝜇𝜇_𝜃𝜃4 ) Friction torque at 
pin c4 Bushing 0.13 𝐽𝐽 03.6% 
𝑀𝑀_(𝜇𝜇_𝑟𝑟 ) Friction torque at 
pin d Bushing 0.52 𝐽𝐽 14.4% 
𝑀𝑀_(𝜇𝜇_𝐿𝐿 ) Friction torque at 
pin e Bushing 0.31 𝐽𝐽 08.5% 
𝐹𝐹_(𝑜𝑜𝜃𝜃_𝑡𝑡 ) Crosshead Friction Linear 
Bushing 0.60 𝐽𝐽 16.6% 
𝐹𝐹_(𝑜𝑜_𝑣𝑣 ) Viscous Friction N/A 0.39 𝐽𝐽 10.8% 
 
The pin between the connecting rod and the rocker contributed the least energy 
loss of the joints having plain bearings. This is because the relative angular velocity 
between these two links is small. Their relative velocity goes to zero at zero displacement 
when these links are collinear.  In this mechanism, the pin at 𝜃𝜃 is fixed to the connecting 
rod, but the model could be used to determine to which link the pin should be fixed to 
minimize friction torque energy loss.  
Of the revolute joints, pin 𝐺𝐺 contributed the most energy loss. This is because the 
joint rotates with the input shaft and is the connection between the input shaft and the rest 
of the mechanism. As a result, it is heavily loaded and has large angular velocities. The 
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input shaft bearing also rotates constantly yet had the lowest friction torque energy loss. 
This is expected as it used a roller bearing having an equivalent coefficient of friction of 
0.005 versus 0.174 for the plain bearings. If roller bearings are used in all the joints, the 
friction loss can be reduced greatly, as will be explored in Chapter 5.  
Figure 4.16 shows a comparison of the work input data from the 2.4MPa and 3Hz 
experiment as well as modeled data for both the mechanism with plain bearings and with 
roller bearings. The work output data, which is the modeled piston work per revolution, is 
given for reference. Because roller bearings have an equivalent coefficient of friction of 
.001-.005[91], the energy loss in the joints can be significantly reduced. As a result, the 
work input can be reduced from the dashed line with ‘x’ markers, which represents the 
current state of the prototype, to the solid line, which represents a prediction of the same 
mechanism with roller bearings having a coefficient of friction of .005.  
 
FIGURE 4.16COMPARISON OF THE ENERGY INPUT OF THE MECHANSIM WITH 
PLAIN AND ROLLER BEARINGS 
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The potential gains in efficiency offered by roller bearings are shown in Figure 
4.17 with mechanism efficiency defined according to:  
   
 
ηmech = WoutWin = ∫ Fpvsdt∫ T12ω2dt (4.49) 
   
These data are derived from experimentally measured shaft speed and torque for the work 
input. The work output is calculated from the experimentally measured cylinder pressure, 
and the inferred slider velocity from the validated kinematic model.  
 
FIGURE 4.17 POTENTIAL EFFICIENCY IMPROVEMENT BY USING ROLLER 
BEARINGS IN PROTOTYPE 
There are tradeoff associated with rolling element bearings. Roller bearings are larger, 
heavier, and more expensive than plain bushings. However, the potential significant gains 
in improvement makes roller bearings an attractive method of improving efficiency 
despite the potential tradeoffs.  
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Eqn. (4.38) shows that the viscous friction force is inversely proportional to the 
gap height. The measured radial gap height for this pumping cylinder was four microns. 
If the gap height is increased, the viscous friction component quickly becomes negligible 
at the expense of increased leakage flow.  
The work input could be further reduced by using forced lubrication or linear 
roller bearings in the crosshead. Forced lubrication prevents Coulomb friction and wear 
in the linear bearing, but requires parasitic losses associated with pumping lubricating 
fluid into the bearing. Linear roller bearings have very low friction but must be large to 
handle the side loads. 
4.7 Conclusions 
A method of determining the forces and friction in the mechanism has been 
presented. Excellent agreement was shown between predicted and measured work input 
with experimentally measured shaft speed and piston pressure as inputs to the model. No 
experimentally determined coefficients were required to achieve agreement, adding 
confidence that the model accurately predicts the mechanism behavior.  
The input work scaled linearly with displacement, resulting in a relatively flat 
efficiency curve. It was shown that the plain bearings used in the mechanism contributed 
the most energy loss, but roller bearings can significantly improve the mechanism 
efficiency.  
All these data are presented at low power outputs with a peak of 150W. The fluid 
dynamics of the pump prevented higher speed operation as the high piston velocities 
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resulted in cavitation in the pump cylinder. Furthermore, large torque variations of the 
single cylinder pump resulted in large variations in shaft speed at higher pressures. A 
mechanism more suited to pumping applications is required to further validate the model 
at higher power levels.  
Despite these limitations, the presented prototype was used to successfully 
demonstrate the effectiveness of both the kinematic and mechanical energy loss models. 
The proof of concept device demonstrates that the mechanical losses scale with 
displacement, validating the hypothesis that the mechanical efficiency should remain 
relatively constant independent of displacement. These losses can be further reduced by 
incorporating roller bearings in the joints as demonstrated in Figure 4.17. Finally, the 
methodology of mechanism loss analysis is generally applicable to other linkage 
topologies and can be used to generate predictive models. 
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Chapter 5 Design and Testing of a Multi-Cylinder Variable 
Displacement Linkage Pump  
5.1 Introduction 
The single cylinder, 8.75 cc/rev prototype pump presented in the previous chapter 
demonstrated that the energy loss model of the mechanism was accurate. It was shown 
that the energy losses of the mechanism could be reduced by five times if roller bearings 
were used and the mechanical efficiency could be greater than 90% at displacements as 
low as 10% of maximum. The experimental validation of the mechanical energy loss 
model was limited to low power due to large piston velocities during intake, creating 
cavitation as speeds were increased. Also, large torque variation due to the nature of a 
single cylinder operation prevented operation at higher pressures. 
In this chapter, the validated kinematic and mechanical energy loss models are 
coupled with the solution rectification method to optimize a mechanism for a second 
generation prototype. The purpose of the prototype is to validate the mechanical energy 
loss model at higher power levels, and to provide a test bed for the development of a 
dynamic pumping end model presented in the next chapter. The optimization considers 
the pumping behavior of the mechanism by incorporating basic pressure drop and leakage 
flow calculations to prevent the cavitation and torque fluctuation problems of the first 
generation prototype. A detailed fluid dynamic model is developed in chapter six and the 
prototype presented in this chapter is used to validate the fluid dynamics model. 
The conceptual design of the mechanism, presented in the second section, creates 
a basic structure to guide the model development. Section three presents the mechanism 
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optimization including modeling and methods. The fourth section describes the detailed 
prototype design resulting from the optimization. Section five presents the prototype 
including validation of the mechanical model at higher power levels. Discussion is 
provided in the sixth section, and concluding remarks are given in section seven.   
5.2 Conceptual Design 
There are four main components required to make a working reciprocating piston 
pump: The mechanism to drive reciprocation, the piston-cylinder chamber, the check-
valve manifold, and the pump body. There are a number of ways to assemble these 
components so a conceptual design is provided to demonstrate the design process leading 
to the optimization.  
5.2.1 Design Specifications 
A set of design specification define the operating conditions of the prototype. In 
addition to providing a test bed for model development and validation, the prototype acts 
as a proof of concept demonstration of the technology at real world operating pressures 
and displacements. The peak operating pressure of the pump was set to 21MPa (3000 
psi), a common industry standard. The testing facility had a variable frequency drive 
capable of 5kW, and typical electric drive motors have an operating speed of 30Hz.  
From the power and pressure requirements, a peak flowrate of 14.3 𝑎𝑎
𝑚𝑚𝑚𝑚𝑚𝑚
  was calculated 
assuming no losses. The 30Hz requirement dictates that the maximum volumetric 
displacement of the pump is 7.9 𝑐𝑐𝑐𝑐
𝑟𝑟𝑒𝑒𝑣𝑣
. The working fluid is hydraulic oil to prevent sealing 
complications with pumping non-lubricating fluids.   
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5.2.2 Prototype Embodiment 
The prototype of Chapter 4 suffered from large torque fluctuations due to the 
single cylinder design. A multi-cylinder pump design both reduces the shaft torque 
variation and improves pumping performance by reducing flow pulsations. Hydraulic 
pumps typically have an odd number of cylinders because the effective number of flow 
pulses per crank-shaft is twice the number of pumping pistons. Pumps having an even 
number of cylinders produce as many flow pulses per revolution as there are pistons as 
demonstrated in Figure 5.5. The upper figure shows the normalized output flowrate of an 
idealized three cylinder pump including each cylinder and their summation. The lower 
plot show that of a four cylinder pump. Even though the three cylinder pump has 1 less 
cylinder, it produces more pulses per revolution reducing the amplitude of the pulsation 
as compared to the four cylinder pump.  
 
FIGURE 5.1 NORMALIZED FLOW PULSATIONS OF IDEAL THREE AND FOUR 
CYLINDER PUMPS 
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The doubling affect does not occur for a single cylinder so at least three are 
required.  To reduce the number of moving parts and prevent an overly complicated 
design, five or more cylinders were not considered. Furthermore, to simplify both the 
input crank shaft and the manifold design, an inline configuration is used. The inline 
three-cylinder design is common to reciprocating plunger and piston pumps which have 
fixed displacement crank slider mechanisms to drive the pumping pistons.  
5.2.3 Manifold Arrangement 
The pump manifold is used to deliver fluid to the pumping cylinders during intake 
and recombine the flow from the cylinders during exhaust to the discharge line. It also 
houses the check valves for flow control. A diagram is given in Figure 5.2 for 
clarification. The outlet check valves are positioned at the top of the cylinders to aid in 
the exhaust of any air that is trapped in the pumping cylinder. Fluid flow and the 
buoyancy of the air work in the same direction in this orientation to flush trapped air out 
of the cylinder.  
 
FIGURE 5.2 DIAGRAM OF MANIFOLD FUNCTION OPERATION 
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A manifold block houses all of the lines, valves and the pumping chamber. The 
discharge and exhaust lines are created by boring two channels along the length of the 
manifold. The pumping chambers are bores on the face of the block between the tank and 
pressure lines. From the top of the manifold a single bore per cylinder creates a cavity for 
housing the check valves that separate the lines from the pumping chamber. Disk style 
check valves were donated by Cat Pumps from their 5CP3120 three cylinder pump, 
which has similar specifications as those prescribed for the prototype. 
5.2.4 Pumping Piston Arrangement 
In the first generation single-cylinder pump, a crosshead bearing was used to react 
the slider side loads and center the pumping piston, which has a clearance seal with the 
cylinder. To reduce the number of precision parts in the prototype described in this 
chapter, the crosshead bearing also acts as the sealing cylinder and the slider acts as the 
piston. To prevent confusion with the cylinder and crosshead of the previous chapter, the 
combined purpose interface with the piston is referred to as the bore.  
The piston and bore were constructed from commercially available drill rod and 
drill bushings due to their tight tolerances, desired hardness, and low costs. The drill 
bushing were honed to create a smooth surface finish. The combined tolerances of the rod 
and bushing result in a radial clearance between 3-25μm. 
5.2.5 Configuration Selection 
The linkage configuration of the previous prototype required a link that crossed 
over the mechanism to join the connecting rod to the slider, as seen in Figure 5.3. This 
additional member interferes with other links and adds moving parts. The extended 𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚 
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and overlapped 𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚  require a crossover link because the slider moves towards the 
linkage as it approaches top dead center.  
 
FIGURE 5.3 RENDERING OF FIRST GENERATION SINGLE CYLINDER PUMP 
SHOWING THE CROSSOVER LINK 
For the extended 𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚 and overlapped 𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚 configurations, the slider moves 
away from the mechanism as it approaches top dead center. The optimization of chapter 
two showed that the extended 𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚  configuration tended to be the smaller of the two 
and was selected for this reason.  A line drawing of this configuration is given in Figure 
5.4 showing the mechanism at top and bottom dead center positions. 
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FIGURE 5.4 LINE DRAWING OF EXTENDED R1MAX MECHANISM SHOWN AT TOP 
DEAD CENTER AND BOTTOM DEAD CENTER 
5.2.6 Mechanism Arrangement 
This six-bar mechanism consists of 5 moving links with 6 unique joints requiring 
bearings, and a control link. Figure 5.5 provides a diagram for reference. The control link 
is fixed to the pump body at one end and the other end acts as the movable ground pivot. 
The control link is actuated to cause the adjustable pivot to move through the dashed arc.  
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FIGURE 5.5 DIAGRAM OF MECHANISM LINKS SHOWING CONTROL LINK AND 
ADJUSTABLE GROUND PIVOT 
The validation of the mechanical model showed that replacing the plain bearings 
with low friction roller element bearings in the revolute joints could significantly reduce 
the energy losses of the mechanism. However, roller bearings are larger for the same load 
rating as a plain bearing. To reduce both the number of bearings and the axial length of the 
pump, one bearing is used per unique joint. As a result, some links are loaded in single 
shear. There are a number of ways to setup the mechanism so a systematic approach is used 
to determine the arrangement. 
To describe the mechanism assembly, links are numbered 1-6 with the 
assignments given in Table 5.1 and the joints are labeled as 𝐶𝐶𝑚𝑚𝑗𝑗  where 𝑚𝑚 and 𝑗𝑗 denote the 
links which share the joint, with 𝐶𝐶𝑚𝑚𝑗𝑗  being equivalent to 𝐶𝐶𝑗𝑗𝑚𝑚.  
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TABLE 5.1 LINK ASSIGNMENTS 
Link Name Assignment Shared Joints 
Ground Link* 1 𝐶𝐶12,𝐶𝐶14,𝐶𝐶16 
Input Crank 2 𝐶𝐶12,𝐶𝐶32 
Coupler 3 𝐶𝐶32,𝐶𝐶34,𝐶𝐶35 
Rocker 4 𝐶𝐶41,𝐶𝐶34 
Connecting Rod 5 𝐶𝐶35,𝐶𝐶65 
Slider 6 𝐶𝐶65,𝐶𝐶16 
*Includes the Control Link, Input Shaft,  and Slider Axis 
The inline arrangement of the cylinders requires a common crankshaft. 𝐶𝐶12 , the 
joint between the input crank and coupler link, was therefore duplicated. Additionally, 
the piston center was prescribed to pass through the central plane of the connecting rod as 
is common practice.  
To reduce moments, links with shared joints were located adjacent to each other. 
As such, it is beneficial to for the control link to be adjacent to the rocker link, as 𝐶𝐶14 
constitutes the movable ground pivot. Because link 3 has a common joint with both links 
4 and 5, it was located between the two.  
As a result of these constraints, there are 2 unique linkage arrangements which are 
depicted in Figure 5.6. Here, the various links are labeled by their assignment, and 
represented by two dimensional top view cross sections with holes present at pin 
locations. Because arrangement “b” resulted in interference between the control link (1) 
and the coupler (3), arrangement “a” was selected for the design.  
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FIGURE 5.6 UNIQUE LINKAGE ARRANGEMENTS 
5.2.7 Bearing Locations 
For each of the 6 joints, a bearing is to be mounted in one of the associated links. 
The bearings for joints 𝐶𝐶32 and 𝐶𝐶65 were mounted in links 3 and 5 respectively as to reduce 
the moving mass of the material required to support the bearing and thus shaking forces. 
Additionally, joint 𝐶𝐶12 is the crank shaft bearing and was mounted to the crank case.  
Joints 𝐶𝐶34 and 𝐶𝐶35 share a common pin and therefore the bearings for these pins are 
concentric. To prevent large pin moments, it is better for the common pin to be mounted 
in link 3, which is in between the other links. Therefore, the bearings for joints 𝐶𝐶34 and 𝐶𝐶35 
were located in links 4 and 5 respectively.  
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Joint 𝐶𝐶41 is the movable ground pivot and the location of the associated bearing was 
not as readily deduced as with the other joints. Ultimately, the bearing was mounted in link 
4 for convenience of design and assembly. 
5.2.8 Bearing Selection 
Needle roller bearings are the least expensive, most radially compact, and 
lightweight type of rolling element bearing. However they are axially longer than other 
types of bearings. Cylindrical rollers are the most axially compact type for a given load. 
To limit the axial length of the mechanism, cylindrical rollers were used where size 
permits. Needle rollers are used elsewhere. In order to reduce manufacturing costs, the 
number of hardened precision surfaces was minimized by selecting bearings which have 
inner and outer races. Therefore caged roller and drawn cup needle rollers were not 
considered.  
5.3 Optimization 
The first generation prototype was optimized with only the kinematics in mind, 
requiring only two optimization parameters and a single objective. As such, a grid search 
method was sufficient. The second generation pump optimization considers the 
kinematics, mechanical energy loss model, and pumping characteristics. A more targeted 
approach is required. This section presents the optimization of the mechanism for the 
three cylinder variable displacement linkage pump prototype.  
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5.3.1 Modeling 
The conceptual mechanism design and linkage arrangement provide a framework 
around which to build a model for simulating the pump behavior. The model is required 
to be robust as to handle a large variation in input parameters, and computationally 
inexpensive to permit the evaluation of a large number of candidate solutions.  
The solution rectification methods described in chapters two and three augments 
the kinematic model preventing the optimization from considering invalid linkage 
solutions and wasting computational effort. The mechanical energy loss model of chapter 
four, and the pumping behavior presented in this section, provide an estimation of the 
performance of a candidate mechanism. These models are coupled in a simulation of the 
prototype.  
5.3.1.1 Simple Pump Model 
The model assumes that the working fluid is incompressible, inviscid, and that the 
flow through the pumping cylinder is fully-developed and laminar. The volumetric flow 
rate is considered to be equal to the piston velocity times area. The inlet and outlet check 
valves are also assumed to open and close instantly depending on piston direction. While 
these assumptions are not strictly valid, they qualitatively insert the influence of piston 
velocity and diameter on viscous drag and provide a means of estimating leakage flow 
rate.  
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5.3.1.1.1 Leakage flow rate 
The piston is side loaded in the crosshead bearing which also provides a clearance 
seal. As a result, the piston is eccentrically located in the bore. The leakage flow rate for 
an eccentric piston in a bore is found by[93]: 
   
 
𝑄𝑄𝑎𝑎𝑒𝑒𝑚𝑚𝑘𝑘 = 𝜋𝜋𝑟𝑟𝑝𝑝ℎ3(1 + 1.5𝐿𝐿2)12𝜇𝜇𝑑𝑑𝑙𝑙𝑝𝑝 Δ𝑀𝑀𝑠𝑠 (5.1) 
   
where 𝑟𝑟𝑝𝑝 is the piston diameter, ℎ is the nominal piston bore radial clearance, 𝑙𝑙𝑝𝑝 is the 
effective length of the piston-bore interface, Δ𝑀𝑀𝑠𝑠 is the pressure drop across the piston 
bore, 𝜇𝜇𝑑𝑑 is the dynamic viscosity of the working fluid, and 𝐿𝐿 is the eccentricity ratio. The 
piston is longer than the bore so the effective length does not change with stroke and 𝑙𝑙𝑝𝑝 is 
equal to the bore length, 𝑙𝑙𝑏𝑏. 
For the sake of this optimization, the piston is assumed to be concentric with the 
crosshead bore so the eccentricity is taken as zero resulting in an under prediction of the 
leakage flowrate. However, the gap height is on the order of microns. The tolerance of 
the cylinder bore and piston are on the order of tens of microns. The leakage flow rate is 
a function of the cube of the gap height. As a result, the maximum under prediction of the 
model due to the concentric assumption is within the uncertainty introduced by the 
tolerance of the machined clearance gap height.  
Eqn. (5.1) shows that the leakage flow rate increases with the cube of the gap 
height, while the viscous friction force decreases linearly with gap height. The gap height 
is therefore minimized as the leakage dominates the friction term. The tolerance of the 
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piston and bore resulted in a minimum gap height range from 3-25μm. A gap height of 
10μm was assumed for the optimization. 
5.3.1.1.2 Pressure Drop 
Pressure drops across the inlet and outlet check valves are described by the orifice 
flow equation according to: 
   
 
Δ𝑀𝑀𝑣𝑣 = ρ2 � 𝑄𝑄𝑣𝑣𝐴𝐴𝑣𝑣𝐶𝐶𝑑𝑑�2 (5.2) 
   
where 𝐴𝐴𝑣𝑣  is the valve opening area, 𝐶𝐶𝑑𝑑 is the discharge coefficient, 𝜌𝜌 is the density of the 
fluid, and 𝑄𝑄𝑣𝑣 is the flowrate across the valve. The discharge coefficient 𝐶𝐶𝑑𝑑 is assumed to 
be 0.62 as suggested by Manring[94] and the density is that of the hydraulic oil used. The 
flow rate is estimated from the piston velocity as described above. The valve area is 
assumed to be the maximum opening area of the donated check valves.  
5.3.1.2 Mechanical Energy Loss Model 
In chapter four, the mechanical energy loss model was discussed. The complete 
model requires in iterative solver to converge a system of 21 equations for 21 unknowns. 
However, by assuming the influence of the roller bearing friction torque on the pin forces 
is negligible, the need for an iterative solver is eliminated. The bearing energy loss is 
calculated from the joint forces and relative angular velocities according to the equations 
of the previous chapter. The equivalent Coulomb friction coefficient of roller bearings 
varies between 0.0011 and .0025 depending on the type used[95]. Because the bearing 
type is unknown at each joint, .0025 is assumed.  
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5.3.2 Parameters  
There are six optimized design variables required to describe the functional 
operation of the mechanism. The linkage is initially normalized by the length of the input 
link,  𝜃𝜃2, so only two normalized link lengths,  𝜃𝜃3 and 𝜃𝜃4, and two angles, 𝜃𝜃𝑚𝑚𝑠𝑠 and 𝛾𝛾𝑚𝑚𝑚𝑚𝑚𝑚, are 
required to describe the kinematics as outlined in chapter two. In this optimization, the 
presented solution rectification method was used to create limits on the axis of slide to 
prevent unfeasible slider mechanisms.  
The kinematic model provides a normalized stroke length. The piston 
diameter,𝑟𝑟𝑝𝑝, determines the required stroke of the mechanism from the pump 
displacement specified in the second section of this chapter. The normalized linkage is 
then scaled to have the required stroke. The bore length, 𝑙𝑙𝑏𝑏, is then used to calculate the 
viscous friction and leakage flow rate losses.  
5.3.3 Objective functions 
The six objectives used to optimize the linkage are: minimize cylinder pressure 
drop, maximize mechanical efficiency,  minimize cross head bearing side load, minimize 
roller bearing load rating, minimize timing ratio variation, and maximize power density,. 
Each of these will now be defined. 
5.3.3.1 Pressure Drop 
The peak pressure drop across the inlet valve was minimized to prevent cavitation 
which results in partial filling and prevents wear of precision surfaces during collapse of 
the cavitation bubbles. With reference to Eqn (5.2), the only independent variable for 
calculating the pressure drop is the flow rate across the valve. This term is determined by 
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the kinematics of the mechanism. By minimizing the peak piston velocity, the pressure 
drop across the inlet is minimized.  
5.3.3.2 Efficiency 
The fluid model and mechanical model are coupled by the bore length parameter 
which determines the viscous friction energy loss and leakage losses. The leakage energy 
loss is found by: 
   
 EQl = Δ𝑀𝑀∫ 𝑄𝑄𝑎𝑎𝑒𝑒𝑚𝑚𝑘𝑘𝑟𝑟𝐿𝐿 (5.3) 
   
 Because a clearance seal is used in the bore, forced lubrication is assumed so 
only viscous friction is considered. The efficiency of the mechanism is maximized by 
minimizing the sum of the energy loss components according to  
   
 E𝐿𝐿𝐶𝐶𝑠𝑠𝑠𝑠 = EQl + 𝐸𝐸𝑣𝑣 + 𝐸𝐸𝑝𝑝 (5.4) 
   
where 𝐸𝐸𝑣𝑣 and 𝐸𝐸𝑝𝑝 are the viscous friction energy loss and pin friction energy loss defined 
in the previous chapter.  
5.3.3.3 Piston side load 
In order for the forced lubrication assumption to be valid, the side load of the 
piston must be kept low to prevent contact. However, there are no penalizations on the 
piston side load in the efficiency calculation because only viscous friction is assumed. 
The normal force on the piston 𝐹𝐹16𝑦𝑦 is minimized to prevent piston cylinder contact. 
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5.3.3.4 Bearing load rating 
The bearing life is a function of the relative motion between the bearing and its 
pin and the applied load. Minimizing this value results in smaller bearings and thus 
reduced mechanism size and weight.  
Figure 5.7 shows a schematic of two representative links who share a common 
joint and are rotating relative to each other. FAB is the joint load and ω angular velocity of 
the links. In order to determine their relative rotation, 𝜃𝜃𝐴𝐴𝐵𝐵 , the angular velocity difference 
between the two links is integrated over a cycle as shown in equation (5.5). From these 
values and the desired life rating, a bearing load rating was determined.  
   
 𝜃𝜃𝐴𝐴𝐵𝐵 = ∫ 𝑚𝑚𝐺𝐺𝑡𝑡(𝜔𝜔𝐴𝐴 − 𝜔𝜔𝐵𝐵)𝑟𝑟𝐿𝐿 (5.5) 
   
 
FIGURE 5.7 RELATIVE ANGULAR VELOCITY OF TWO LINKS WITH A SHARED 
JOINT 
The bearing life calculation is based off the L10 designation, which means that 
90% of bearings will survive for the prescribed period. The bearing life is determined by: 
   
 
𝐿𝐿10 = 𝜃𝜃𝐴𝐴𝐵𝐵2𝜋𝜋 𝜔𝜔𝑠𝑠𝑦𝑦𝑠𝑠 3600𝑡𝑡𝐻𝐻𝜃𝜃 𝐿𝐿ℎ (5.6) 
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where 𝜔𝜔𝑠𝑠𝑦𝑦𝑠𝑠 is the system frequency, and 𝐿𝐿ℎ is the desired life in hours. 
The equivalent load for a fluctuating load and required dynamic load rating 𝐶𝐶 are 
found by:[91]  
   
 
𝑀𝑀𝑒𝑒𝑒𝑒 = 23 max(𝐹𝐹𝐴𝐴𝐵𝐵) (5.7) 
   
 
𝐶𝐶 = �𝐿𝐿10310 𝑀𝑀𝑒𝑒𝑒𝑒 (5.8)) 
   
 
5.3.3.5 Timing Ratio 
The timing ratio is defined as the ratio of time of the pumping stroke to the time 
of return stroke. If the timing is not equal, the piston velocity will be higher for one part 
of the cycle. Timing ratio variation is the maximum difference between 1 and the timing 
ratio across all displacements. The pressure drop objective function only considers peak 
velocities during the return stroke so the timing ratio variation is used to consider the 
entire pumping cycle. 
5.3.3.6 Power Density 
The linkage was designed for a prescribed power output, so the power density is a 
function of the linkage area which was defined by the area of a bounding box, parallel to 
the axis of slide, enclosing the entirety of the linkage. It should be noted that the linkage 
area is based on the vector lengths and does not take into account link widths or bearings.  
It is not a measure of the physical mechanism, but rather a comparison metric between 
candidates based on the assumption that candidates with similar vector areas will have 
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similar true areas when a linkage is constructed. Minimizing this area maximizes power 
density and minimizes the mechanism size. 
5.3.4 Optimization Technique 
Due to the large number of objective functions, design variables, and the coupled 
kinematic and pumping behavior of this problem, a robust global optimization technique 
was required. The Elitist non-dominated sorting genetic algorithm (NSGA-II) has been 
shown to be effective in solving non-linear multi-objective problems and was selected to 
optimize the pump [96]. The algorithm was completed with 10,000 individuals per 
generation for 100 generations with a mutation probability of 0.9 for a total computation 
time of 1hr 24 min on a single core of a 2.7GHz AMD processor. 
The output of a multi-objective optimization is not a single optimized solution, 
but rather an N-dimensional optimal surface where N is the number of objective 
functions. This optimal surface is called the Pareto front and contains all of the non-
dominated solutions found. A solution is considered non-dominated if no other solution is 
better than the current one in some objective function without being worse in some other 
objective.  
5.3.5 Results 
Figure 5.8 shows the six-dimensional Pareto front projected on a two-dimensional 
plane to show the design trade-off between linkage area and bearing load rating. Each 
point represents a candidate mechanism plotted by its objective values. When the linkage 
area decreases towards zero, there is an exponential increase in bearing load rating. As 
the bearing load rating approaches it minimum, the size of the linkage becomes greater. 
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Tradeoffs exist between each of the objective functions and it is the job of the designer to 
select the appropriate solution for the given application. 
 
FIGURE 5.8 TWO DIMENSIONAL PROJECTION OF PARETO-FRONT 
REPRESENTING DESIGN TRADE-OFFS OF OPTIMAL SOLUTIONS 
As seen in Figure 5.8, there can be a large number of Pareto-optimal candidate 
solutions. In this problem, there are on the order of 2000. In order to reduce the number 
of solutions, a set of threshold values are applied to act as a filter. These values were 
chosen as to disqualify candidates which were not viable. Table 5.2 shows the thresholds 
used for each objective. These values where developed to reduce the list of candidate 
solutions to those which would perform reasonably well from both a performance and 
practical standpoint.  
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TABLE 5.2 USER DEFINED THRESHOLD VALUES AND THE OBJECTIVE 
FUNCTION VALUES OF THE SELECTED SOLUTION 
Objective Threshold Solution Value 
Efficiency at 50% Displacement (min) 92% 94.7% 
Linkage Area (max) 45 c𝑚𝑚2 42 𝜃𝜃𝑚𝑚2 
Timing Ratio Variation (max) . 07  . 055 
Bearing Load Rating (max) 32 𝑙𝑙𝑁𝑁 25.4𝑙𝑙𝑁𝑁 
Crosshead Side Load (max) 2 𝑙𝑙𝑁𝑁  0.85 𝑙𝑙𝑁𝑁 
Pressure Drop (max) 7𝑙𝑙𝑀𝑀𝑚𝑚 (~1𝑝𝑝𝑡𝑡𝑚𝑚) 6.6 𝑙𝑙𝑀𝑀𝑚𝑚 
 
After filtering the initial large solution space, there were multiple candidate solutions. 
These solutions were further evaluated to select a single candidate. For this application, 
the timing ratio variation is the most important constraint due to its coupling with peak 
shaft torques and flow rates. Therefore, the solution which met the criteria listed in Table 
5.2 with the smallest timing ratio variation was selected. 
Figure 5.9 shows the energy loss contributions of the selected solution including 
Coulomb friction in the pin joints, viscous friction in the piston cylinder interface, and 
leakage at 10 Hz and 21 MPa operating pressure. The pin friction still dominates, but is 
on the same order as the viscous friction and leakage, while it was an order of magnitude 
higher for the earlier prototype with bronze bushings. The energy loss is not reduced to 
the same degree as predicted in the previous chapter because the diameter of a roller 
bearing is larger for the same load than a plain bearing. In this case, the bearing diameters 
are ~20 mm whereas the previous prototype had 6 mm diameter bearings.  
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FIGURE 5.9 ENERGY LOSS CONTRIBUTIONS AT 30HZ AND 21𝑀𝑀𝑀𝑀𝑚𝑚 OPERATION 
AS A FUNCTION OF FRACTIONAL DISPLACEMENT 
As shown in Eqns. (5.1), the leakage flow rate is a function of the pressure drop 
across the clearance seal. Additionally, Eqn (5.3) shows that the energy loss is a function 
of the pressure drop with respect to time, so the overall leakage energy loss is therefore a 
function of the pressure drop across the piston, and the amount of time the seal is exposed 
to that pressure. As a result of the cylinder pressure assumptions, the leakage is a function 
of the timing ratio variation. While the assumptions of the cylinder model make this 
result inexact, it illustrates and additional reason the timing ratio variation is important to 
the performance of the mechanism. 
The reduction in timing ratio variation is demonstrated by Figure 5.10, where the 
performance of the optimized linkage is compared to the first generation prototype and a 
timing ratio variation of zero for reference. 
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FIGURE 5.10 TIMING RATIO VARIATION AS A FUNCTION OF FRACTIONAL 
DISPLACEMENT 
The mechanical efficiency of the mechanism is predicted to be greater than 90% 
for the majority of the operating conditions as shown in Figure 5.11. An average total 
efficiency of 92% is expected between 10 % and 100% displacement at 30Hz and 21MPa 
operating conditions. The volumetric efficiency is not predicted at this point as the model 
assumptions would not produce realistic values. 
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FIGURE 5.11 CONTOUR PLOT SHOWING PREDICTED PERFORMANCE OF PUMP 
AT VARIOUS OPERATING CONDITIONS 
5.4 Final Design 
The optimization in the previous section produced a set link length and angles that 
define the kinematics and the piston diameter and bore length that describe the pumping 
head. From the bore and the required displaced volume, the required stroke is found and 
the normalized mechanism is scaled to meet this requirement. The final link lengths of 
the optimization are presented in Table 5.3. 
The results of the optimization provided design guidelines, which were altered 
where convenient. For example, the optimization resulted in a piston diameter of 17.4 
mm. However, precision ground rod is readily available in 16 mm diameter. Reducing the 
diameter reduces the displacement of the pump, but the displaced volume is not critical to 
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the purpose of the prototype. Additionally, the drill bushings used as the cylinder bore are 
readily available in 28mm lengths rather than the optimal 77mm length for the piston 
cylinder interface. To account for this reduced length, the drill bushing was honed such 
that the matching piston had just a 6 𝜇𝜇𝑚𝑚 radial clearance rather than the 10 𝜇𝜇𝑚𝑚 assumed 
by the optimization. 
TABLE 5.3 RESULTS OF OPTIMIZATION 
Parameter Description Optimized Value 
𝒓𝒓𝟑𝟑 Normalized Coupler Length 13.87 
𝒓𝒓𝟒𝟒 Normalized Rocker Length 5.48 
𝜽𝜽𝒔𝒔 Angle Axis of Slide 133.64° 
𝜽𝜽𝟏𝟏𝒊𝒊𝟏𝟏   Minimum Transmission Angle of Base Fourbar 47.75°  
𝑹𝑹𝒅𝒅𝒔𝒔 Bore to Stroke Ratio 1.4307 
𝒍𝒍𝒑𝒑 Length of Piston Cylinder Interface 77𝑚𝑚𝑚𝑚 
The moving links, were designed to accommodate their bearings and the applied 
load with a design life of 109 cycles. The link forces were first estimated with a massless 
and frictionless assumption, and then the minimum link dimensions were evaluated 
considering axial load, bearing size, and bearing tear-out failure. The bearing size 
requirements however dominated the link dimensions creating oversized links from a 
stress perspective. 
The pin dimensions were restricted by the inner diameter of the selected bearings. 
A Von Mises combined bending and shear stress calculation was used to calculate an 
equivalent stress to determine if the pins would be able to survive the required life. The 
moment load was reduced whenever possible by minimizing the gap between the applied 
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load and the furthest point from the pin. In general, the inner diameter of a bearings 
require a pin that is greatly oversized for the applied loads.  
Figure 5.12 shows a 2-D rendering of the final linkage design. The coupler used 
cylindrical roller bearings at the crank shaft, while the rocker and connecting rod use 
machined ring needle rollers at both ends. 
 
FIGURE 5.12 RENDERING OF THE FINAL LINKAGE DESIGN AINCLUDING 
ROLLER ELEMENT BEARINGS 
A split input crank-shaft is required to accommodate a rolling element bearing 
between the input link and the coupler.  To accomplish this, a novel modular crankshaft 
was designed.  The crankshaft is formed by machining flats into the crank pin and input 
shaft to create eccentric centers when mated. After the crank pin is installed inside of its 
roller bearing, it is clamped to the input shaft to create a rigid structure. A counter mass is 
built into the clamp to balance the crankshaft and crank-pin bearings. Figure 5.13 shows 
an exploded view of a partial crankshaft assembly and Figure 5.14 shows the fully 
assembled crankshaft for clarification. 
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FIGURE 5.13 EXPLODED VIEW OF SPLIT CRANKSHAFT DESIGN 
 
FIGURE 5.14 SPLIT CRANK-SHAFT WITH COUNTER MASS CLAMPS 
Figure 5.15 shows a CAD rendering of the triplex pump design. Some of the 
bearings and mounting frame have been excluded for clarity. The adjustment cylinder is 
used to actuate the central control link, which is coupled to the other two control links 
with a common pin. This pin synchronizes the displacement control of the three pistons.  
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FIGURE 5.15 CAD RENDERING OF THREE CYLINDER PRORTOTYPE PUMP 
Detailed drawing of the components are provided in Appendix C Additionally, the 
various parameters required for the full model, such as link masses, center of mass 
locations, mass moments of inertia, etc. are included in Appendix D for reference. All of 
the mass properties are evaluated from the CAD model. 
5.5 Prototype Evaluation 
The optimization provided design parameters and the prototype is an embodiment 
of that design. In this section, experimental tests are described that determine if the model 
is valid and if the roller bearings were effective in reducing the friction torque as 
expected. 
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5.5.1 Experimental Setup 
The prototype performance was determined using the experimental setup depicted 
in Figure 5.16. The pump was driven by a 3-phase electric motor with a variable 
frequency drive to control shaft speed. The pumping head was connected to a hydraulic 
circuit to create a load. A pilot-operated relief valve provides pressure control.  
 
FIGURE 5.16 SCHEMATIC OF THE EXPERIMENTAL TEST SETUP 
The displacement of the pistons was measured with a magnetic absolute encoder, 
which measures the relative angle of a magnet placed on the control link. A hydraulic 
actuator was used to vary the pump displacement, and was powered by the output flow of 
the pump through a directional control valve. An optical encoder measured the input shaft 
position, which is used as an input to the model. The shaft speed was calculated from the 
position data and an inline rotary torque transducer provided shaft torque data for input 
work calculations. Pressure transducers were included in each pumping chamber and 
provide input to the model to calculate piston loads for model comparison.  
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A 1 liter accumulator pre-charged to 1.7 MPa was connected to the outlet of the 
pump. The reservoir was pre-charged to 35 kPa to prevent cavitation through the inlet 
check valve. The working fluid was ISO grade 46 hydraulic fluid with the temperature 
maintained at 22-25° C. Figure 5.17 provides a photograph of the test setup and the 
primary components.  
 
FIGURE 5.17 PHOTOGRAPH OF TEST SETUP AND PROTOTYPE PUMP SHOWING 
PRIMARY SENSORS USED FOR VALIDATION 
Here, the experimental procedure is described. In a given set of experiments, the 
shaft speed was set, followed by pressure. Then the pump displacement was increased to 
maximum. For each test, the system was given 30 seconds to reach cyclic steady state. 
Data is collected for five seconds and then the displacement was reduced to the next set 
point. Ten displacements were measured per pressure and speed setting.  
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The pressure in the three cylinders and the shaft speed and were used as inputs to 
the mechanical energy loss mode. The model outputs the predicted shaft torque and 
energy losses. In the optimization, the bearing friction torque was assumed to be 
negligible to the pin force analysis. However, the data presented in the next section were 
generated without this assumption and the iterative solver was used. 
5.6 Experimental Results  
The experimentally measured cylinder pressure and shaft speed from a 7 MPa 10 
Hz and 100% displacement experiment are shown in Figure 5.18 and Figure 5.19 
respectively, as a demonstration of the model inputs. The data are presented with respect 
to a single rotation of the input shaft. From these measurements the shaft torque can be 
predicted and compared with the model as seen in Figure 5.20. 
 
FIGURE 5.18 MEASURED CYLINDER PRESSURE INPUT TO MODEL FOR 7MPA 
100% DISPLACEMENT EXPERIMENT 
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FIGURE 5.19 MEASURED SHAFT SPEED INPUT TO MODEL FOR 7MPA 100% 
DISPLACEMENT EXPERIMENT 
 
FIGURE 5.20 MEASURED AND AND PREDICTED INPUT SHAFT TORQUE FOR 7 
MPA 100% DISPLACEMENT EXPERIMENT 
With the assumption that the agreement between the predicted and measured shaft 
torque is an indication of the accuracy of the model, it can be used to evaluate the 
individual contributions to energy loss as shown in Figure 5.21. In the previous chapter, 
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the shaft seal energy loss was considered negligible, but due to the reduced energy losses 
of the bearings, the shaft seal torque is considered and is shown in the figure.  
 
FIGURE 5.21 MODELED CONTRIBUTIONS TO ENERGY LOSS FOR 7MPA 100% 
DISPLACEMENT EXPERIMENT 
The measured and predicted shaft work provides a demonstration of the model 
performance over a broader range of data. The data is presented in two figures, a low 
power comparison and a high power comparison. The low power comparison includes 
experiments at 3 and 5 Hz shaft speeds at pressures between two and 4 MPa for 10 
displacements, covering a power  range  of 6-150 W. The high power measurements are 
all taken at 10 Hz operating speeds at pressures between 2 and 14 MPa, covering a power 
range of 20-900W. The wide range of data points is used to demonstrate the versatility of 
the model to predict the pump performance.  
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FIGURE 5.22 LOW POWER DATA SHOWING WORK INPUT AT 3 AND 5 HZ AND 
PRESSURES FROM 2-4 MPA 
 
 
FIGURE 5.23 HIGH POWER DATA SHOWING WORK INPUT AT 10 HZ AND 
PRESSURES FROM 2-14 MPA 
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5.7 Discussion 
The model prediction and experimental measurements show good agreement.  
over a wide range of operating conditions. Comparisons include input powers from 6W 
through 900W demonstrating the versatility of the model. The new design accommodated 
pressure measurements up to 14 MPa (2200 psi) and operating speeds up to 10 Hz. Figure 
5.20 gives the shaft torque at 100% displacement under the same operating conditions. 
The figure demonstrates the models ability to predict the shaft torque despite the 
complexity of solving the system of equations simultaneously for each of the three 
cylinders and combing results.  
Figure 5.22 presents low power data, on the order of the first generation 
prototype, and Figure 5.23 demonstrates the models performance at 10 Hz operating 
speed over a broad range of pressures and displacements. Without changing any 
constants or parameters, the model was able to predict the input work of the pump at each 
operating point. However, deviation of the model prediction and measurement can be 
seen at displacements below 40%. Furthermore, the model tends to under-predict the 
work input as displacement increases. 
 Upon further investigation, out of plane deflection of the mechanism was 
observed.  A study was completed to determine the severity of the deflection by 
measuring the piston displacement with a linear variable differential transformer (LVDT)   
at various displacements. Piston displacements are measured both with and without 
pressure applied to the manifold. The difference between these measurements determines 
the deflection of a single piston. The results of this study are shown in Figure 5.24. The 
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measured deflection is normalized by the displacement set point. Trend lines are given 
for the each pressure set point as a visual aid.  
 
FIGURE 5.24 NORMALIZED PISTON DEFELCTION MEASUREMENT AS A 
FUNCTION OF DISPLACEMENT SET POINT AND SYSTEM PRESSURE INCLUDING 
TREND LINES 
The deflection of the piston increases with pressure as would be expected. 
However the deflection as a fraction of piston stroke increases rapidly as the 
displacement decreases below 40%. The rapid increase in deflection fraction correlates 
with the deviation of the model prediction from the experimental measurements.  
It is believed that the deflection is a function of the out of plane loading on the 
mechanism induced by the single shear arrangement of the links, shown in Figure 5.24. 
The forces shown are with reference to the coordinate system depicted and the force 
analysis presented in the previous chapter. These forces create moments about the 𝑚𝑚 and 
𝑣𝑣 axes, which are reacted at the planar interface of the joints, as well as 𝑧𝑧 direction forces 
  139 
on the coupler link. This results in a deflection of the coupler link which reduces the 
piston displacement.  In addition, this out-of-plane deflection causes the links to contact, 
generating additional joint friction due to the sliding of the aluminum link and steel 
bearing surfaces, which have a coefficient of friction of 0.3[97]. As a result, the model 
does not capture the energy losses as well at lower displacement. These effects were not 
observed for the first generation prototype which had duplicated links to prevent single 
shear loading.  
 
FIGURE 5.25 SCHEMATIC OF LINKAGE ASSEMBLY SHOWING OUT OF PLANE 
FORCES RESULTING IN MECHANISM DEFLECTION 
In addition to the deflection study, the shaft seal model was evaluated to 
determine the validity of the presented model. The shaft torque was evaluated by running 
the pump under no-load conditions both with and without a shaft seal at various shaft 
speeds. The difference between the averages of these measurements is the shaft seal 
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contribution to shaft torque.  As seen in Figure 5.26, the manufacturer model significantly 
under predicts the shaft seal torque.  
 
FIGURE 5.26 MEASURED SHAFT SEEL TORQUE MEASUREMENTS COMPARED 
TO MODELS 
In order to obtain a more realistic estimate of the shaft seal torque, the data is 
curve fit to the original model to determine a new coefficient for the shaft torque model 
reproduced from chapter four below: 
   
 
𝑇𝑇𝑆𝑆𝑆𝑆  =  𝐶𝐶𝑠𝑠𝑠𝑠 𝐷𝐷𝑠𝑠2𝜔𝜔13 (5.9) 
   
where 𝐶𝐶𝑠𝑠𝑠𝑠 is the shaft seat coefficient. The manufacturer provided a 𝐶𝐶𝑠𝑠𝑠𝑠 of 15 [92]. A 
curve fit of the experimental data was used to determine a new coefficient. The resulting 
curve can be seen in the figure with a 𝐶𝐶𝑠𝑠𝑠𝑠 of 57. This is approximately a four times 
increase in shaft seal torque. However, the shaft seal torque is on the order of 0.1 Nm at 
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10 Hz, which is only around 1% of the overall shaft torque at 7 MPa.  The energy loss 
contributions of the previous section are reproduced in Figure 5.27 below including the 
increase in shaft seal torque energy loss. As a result of this increase in shaft seal torque, 
this energy loss dominates the viscous friction energy loss at all displacements and the 
pin friction at low displacements. 
 
FIGURE 5.27 MODELED CONTRIBUTIONS TO ENERGY LOSS FOR 7MPA 100% 
DISPLACEMENT EXPERIMENT INCLUDEING SHAFT SEAL TORQUE 
5.8 Conclusions 
A three cylinder variable displacement linkage pump has been designed, 
optimized and constructed to evaluate the mechanical energy loss model presented in the 
previous chapter. A simple pump model was developed for capturing fluid end effects to 
prevent cavitation and large leakage rates. This simple model was coupled to the 
mechanical energy loss model as well as the kinematic model of chapters four and two. 
The solution rectification model of chapter three was used to prevent the evaluation of 
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infeasible mechanisms. These coupled models were implemented in a multi-objective 
evolutionary algorithm which optimized six pump parameters for six objective functions.  
The optimization results were used to create a detailed design of the multi-
cylinder prototype pump that was used to perform an experimental validation of the 
energy loss model. The model was able to accurately predict both the shaft torque and the 
input shaft work between 6W and 900W input power. Discrepancies were shown at low 
displacements. 
Due to the single shear arrangement of the mechanism, out of plane forces caused 
deflection of coupler link and ultimately reduced the piston displacement. It was found 
that the fractional deflection increases rapidly as displacement was reduced below 40%. 
This ultimately results in a reduction of mechanism output and efficiency. Furthermore, 
these out of plane forces cause side loading at the joints which are reacted by aluminum 
bearing surfaces introducing increased frictional losses. These deflections were not 
observed in the single cylinder prototype. It is suggested that single shear designs be 
avoided for future variable displacement linkage pumps.  
The model provided by the shaft seal manufacturer under predicted the shaft seal 
torque by approximately four times. A new torque coefficient was determined 
experimentally to accurately portray the energy loss associated with seal. The updated 
shaft seal energy loss was on the same order as the bearing friction and dominated the 
viscous friction energy loss. The shaft seal coefficient is the only experimentally 
determined parameter of the model. However, the associated loss is small, on the order of 
1% if the shaft torque at 7MPa operating pressure, and is considered external to the 
  143 
mechanism. As a result the shaft seal torque does not greatly affect the usefulness of the 
model during the design phase of the pump.  
The pin friction energy loss was shown to be reduced by an order of magnitude by 
incorporating roller bearings as predicted giving the pump potential for high efficiency at 
low piston displacements. . 
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Chapter 6 Pressure Dynamics and Cylinder Modeling 
6.1 Introduction 
During a pumping cycle of a piston pump with passive valves, a piston is retracted 
to draw fluid into the pumping chamber through an inlet check valve, then, after the 
piston has fully retracted, its direction is reversed to discharge this fluid from the cylinder 
through an outlet check valve and into the pressurized system. The fluid that enters the 
system from the piston-cylinder is applied to a load and is then returned to the reservoir.  
Over a single revolution of the input shaft, this process occurs for each pumping 
cylinder and their flows are combined at the outlet of the pump. Ideally, the amount of 
fluid drawn into a cylinder and subsequently discharged into the system is equal to 
volume swept by the piston. However, due to the compressibility of the fluid, leakage 
past the pumping piston, and valve dynamics, this is not the case.  
Figure 6.1 is a depiction of the difference between the pressure-volume curve of a 
typical pumping cycle and the ideal case. The dashed line represents the pressure in the 
pumping chamber as a function of volume and the square box represents the ideal case. 
The difference between the two are the solid shapes whose combined area represents the 
volumetric energy potential lost over a pumping cycle. Much of this energy is 
recoverable through the pumping mechanism, but the energy output delivered to the load 
is reduced. The arrows around the curve show the cycle show the pumping cycle 
direction and the processes are labeled.  
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FIGURE 6.1 A TYPICAL PV CURVE FOR A PUMPING CHAMBER COMPARED TO 
THE IDEAL CASE 
Additionally, the combined flows from the various pumping chambers do not result 
in a constant total flow. This variation in flowrate as fluid exits the pump is referred to as 
flow ripple. As a consequence of this varying flow, there is also a pressure pulsation in 
the system. It is generally desirable to minimize this ripple effect due to the resulting 
fluctuation of power at the load. The magnitude of this ripple is a direct result of the 
dynamics of the hydraulic pumping chamber. In order to predict and characterize the 
behavior of the linkage pump, these dynamics must be modeled. 
In the previous chapter, a three cylinder prototype pump was designed, optimized, 
fabricated, and used for experimental validation of the mechanical models at higher 
pressure than the first prototype.  The simple fluid mechanics model used to optimize the 
prototype assumed ideal behavior of both the valves and the working fluid. The 
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motivation of this chapter is to develop a model that captures the dynamics of the fluid in 
the piston chambers, the check valves, and the discharge line of the pump. In 
combination with the kinematic and mechanical models of chapters two and four, the 
models represent a complete understanding of the variable displacement linkage pump.   
Much attention has been given to the pressure pulsations of gear, vane, and axial 
piston type pumps with active valves [62, 72, 98-102]. These models aren’t readily 
applicable to the linkage pump as the dynamics created by active valves are different 
from those introduced by passive check valves.  
A number of works have described the fluid behavior of triplex pumps including 
check valve dynamics. Johnston developed a lumped parameter model of a fixed 
displacement, three-cylinder crank-slider type pump with passive valves [103]. Singh and 
Madavan present a thorough analysis of reciprocating pump behavior that including 
check valve dynamics[73]. Shu Burrows and Edge developed a distributed parameter 
model of the transmission lines to predict pressure pulsations and suction line cavitation 
and compared the results to the lumped parameter model of Johnston [67, 71]. In all 
cases, a simple kinematic model of the pump is used as an input to the model. 
Additionally, none provide a model of the pressure dependent effective bulk modulus of 
the fluid volumes, and all rely on experimentally determined coefficients to describe flow 
forces on the valves. The primary objective of these works was to characterize the inlet 
and discharge line models of pumping systems employing reciprocating pumps, whereas 
the objective of this work is to characterize the pump itself. 
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Johnston and Edge go on further to describe check valve dynamics of poppet and 
disk type check valves[69, 70] however, only steady state flow forces are considered. 
Thorley gives a review of check valve behavior under transient conditions, but the work 
is limited to check valves in the hydraulic piping system [104]. Again, the majority of 
these works are dedicated to experimentally determining flow force coefficients. The 
purpose of this work is to develop a lumped parameter model of the pump having an 
arbitrary piston trajectory using no experimentally determined coefficients as to be more 
generally applicable. 
In this chapter, the dynamic behavior of the various hydraulic flows are modeled 
and experimentally validated. In the second section, models of the pump control volumes 
and valves are developed and the third section describes experimental methods to validate 
the model. The fourth section presents the experimental results with the fifth section 
providing discussion. Finally, conclusions are given in the sixth section. 
6.2 Modeling 
The pumping head consists of the pumping cylinders, passive directional flow 
control valves (check valves), and a manifold that combines the flows from the cylinders 
and supplies them to the hydraulic circuit. A diagram of the modeled system is shown in 
Figure 6.2 with the modeled system enclosed in the dashed lines. Before modeling the 
components, two fundamental equations of fluid dynamics are discussed: orifice flow, 
and fluid compressibility.  
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FIGURE 6.2 PUMP SCHEMATIC OUTLINING MODELED ELEMENTS 
Orifice Flow 
The flow across an orifice is dictated by the classic orifice equation: 
   
 
𝑄𝑄𝐶𝐶 = 𝐴𝐴𝐶𝐶𝐶𝐶𝑑𝑑�2𝜌𝜌 ΔPo  (6. 1) 
   
Where 𝑄𝑄𝐶𝐶 is the flow through the orifice, 𝐴𝐴𝐶𝐶is the orifice area, 𝐶𝐶𝑑𝑑 is the 
characteristic discharge coefficient, 𝜌𝜌 is the fluid density, and Δ𝑀𝑀𝐶𝐶 is the pressure drop 
across the orifice. Typically, the discharge coefficient is experimentally determined. 
However, as a first estimate, the 𝐶𝐶𝑑𝑑 of a sharp plate orifice (0.62) is used. The orifice 
equation is based on the Bernoulli equation which assumes steady, inviscid, 
incompressible, laminar flow. While this is not generally the case for hydraulic systems, 
these assumptions are regularly ignored in hydraulic circuit modeling in order to reduce 
computational complexity of system models [94].  
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Bulk Modulus 
The compressibility of a hydraulic fluid is often described in terms of its 
reciprocal property, bulk modulus which is defined according to: 
   
 
𝛽𝛽 = −𝑉𝑉 𝑟𝑟𝑀𝑀
𝑟𝑟𝑉𝑉
  (6. 2) 
   
The bulk modulus of liquids is pressure dependent. Additionally, if there is air in 
the hydraulic oil, an effective bulk modulus, 𝐵𝐵𝑒𝑒𝑓𝑓𝑓𝑓, must be used which accounts for the 
air in the fluid. 
Air exists in hydraulic systems in three main forms:  
• Free Air – large pockets of air in the system.  
• Entrained Air - Air in the form of tiny bubbles dispersed through the fluid itself 
• Dissolved Air -Air stored in the empty molecular space of the fluid. As the air is 
in the intermolecular spaces, it does not have an effect on the effective bulk 
modulus of the fluid[39].  
At a given pressure, air will dissolve into hydraulic fluid until a saturation point is 
met, as described by Henry’s law[105]. If the pressure of this fluid drops below the 
saturation pressure, air will come out of solution and become entrained. This occurs 
regularly in pumping cylinders due to the drop in pressure as the fluid is drawn in. 
According to work by Zhou and Vacca [106], the rate of absorption of air in hydraulic oil 
is 20,000 times slower than the rate of dissolution. As a result, air that comes out of 
solution does not typically re-dissolve within the hydraulic circuit. Typically, free air can 
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be discharged from the system by bleeding the lines and cylinders and is not considered 
further.  
There are a number of works that attempt to characterize the effective bulk modulus 
of hydraulic fluid with entrained air. Manring and Merrit present a model that sums the 
compressibility of the fluid, gas volume, and cylinder wall but  does not account for the 
change in volume of the air as it is compressed [93, 94]. A number of more recent works 
account for these affects. An overview of these models and subsequent model 
comparison is given by Burton in [107] and [108] respectively. These works found that 
the models presented by Yu et. al.[109], Cho [110], and Nykanen [111] all collapsed to 
the same solution when all of the variables where made consistent. However, Yu et al. 
adds a “bubble variation” coefficient which has been shown to add considerable 
sensitivity to the model [112]. Ultimately, Burton and Van de Ven suggest the following 
model be used for the effective bulk modulus of hydraulic fluid undergoing compression: 
   
 
𝛽𝛽𝑒𝑒𝑓𝑓𝑓𝑓 = �𝑀𝑀0𝑀𝑀 �1𝛾𝛾 𝑅𝑅0 + (1 − 𝑅𝑅0)
𝑅𝑅0
𝛾𝛾𝑀𝑀 �
𝑀𝑀𝐶𝐶
𝑀𝑀�
1
𝛾𝛾 + 1 − 𝑅𝑅0𝛽𝛽0  
 
(6. 3) 
   
where 𝑅𝑅0 is the volume fraction of entrained air � 𝑣𝑣𝑔𝑔𝑣𝑣𝑔𝑔+𝑣𝑣𝑙𝑙�, 𝛽𝛽0 is the bulk modulus of 
the pure liquid at atmospheric pressure, 𝑀𝑀0, 𝑀𝑀 is the current pressure of the fluid, and γ is 
the polytropic gas constant. The pumping process is considered adiabatic due to the fast 
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rate of compression, so γ is set equal to 1.4. It is not suggested that this model be used for 
expansion of the fluid because it does not account for air coming out of solution. 
However, the dissolution of air can be prevented by maintaining the fluid pressure 
above the saturation pressure. This is accomplished by reducing the reservoir pressure as 
to draw air out of solution, exhausting the released air, sealing the reservoir, and re-
pressurizing the degassed volume. If the pressure in the suction line does not drop below 
the pressure at which the fluid was degassed, more air will not come out of solution and 
the above model can be used for both compression and expansion of the fluid.   
6.2.1 Cylinder Dynamics 
In the pumping cylinder, a piston is retracted to draw fluid into the cylinder from 
the reservoir, and then the piston extends and discharges the fluid from the cylinder into 
the high outlet. The behavior of the fluid in the pumping cylinder, shown in Figure 6.3, is 
modeled as a compressible volume having a moving boundary, and multiple flow paths.  
 
FIGURE 6.3 SCHEMATIC OF A PUMPING CYLINDER 
The control volume is denoted by the dashed lines. Flow can pass into or out of 
the control volume through both the inlet valve, 𝑄𝑄𝑚𝑚𝑚𝑚, and the outlet valve, 𝑄𝑄𝐶𝐶𝐶𝐶𝑜𝑜. 
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Additionally, there is a leakage path between the piston and cylinder resulting in fluid 
exiting the control volume, 𝑄𝑄𝑎𝑎. The moving boundary and cylinder volume is dictated by 
the piston position, 𝑚𝑚𝑝𝑝, and area, 𝐴𝐴𝑝𝑝. The piston position is referenced from the TDC 
position when the pumping chamber volume is at a minimum, 𝑉𝑉𝑐𝑐0. This minimum volume 
of the pumping chamber is the unswept volume, commonly referred to as dead volume. 
From the definition of bulk modulus, the rate of change of pressure of the pumping 
cylinder can be described by: 
   
 𝑟𝑟𝑀𝑀𝑐𝑐
𝑟𝑟𝐿𝐿
= 𝛽𝛽𝑒𝑒𝑓𝑓𝑓𝑓
𝑉𝑉𝑐𝑐
�𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝐶𝐶𝐶𝐶𝑜𝑜 − 𝑄𝑄𝑎𝑎 − 𝑣𝑣𝑝𝑝𝐴𝐴𝑝𝑝� (6. 4) 
   
The cylinder volume, 𝑉𝑉𝑐𝑐, is found by: 
   
 𝑉𝑉𝑐𝑐 = 𝐴𝐴𝑝𝑝𝑚𝑚𝑝𝑝 + Vc0 (6. 5) 
   
The piston cylinder leakage rate is found by assuming laminar Couette flow in the 
piston-cylinder clearance seal according to: 
   
 Ql = 𝜋𝜋𝑟𝑟𝑝𝑝(𝑀𝑀𝑐𝑐 − 𝑀𝑀0)ℎ312𝜇𝜇𝑑𝑑𝑙𝑙𝑝𝑝  (6. 6) 
   
where 𝑟𝑟𝑝𝑝 is the piston diameter, 𝑀𝑀0 is the pump case pressure which is vented to 
atmosphere, ℎ is the piston cylinder gap height, 𝜇𝜇𝑑𝑑 is the dynamic viscosity of the fluid, 
and 𝑙𝑙𝑝𝑝 is the length of the piston cylinder interface. In some pumps, 𝑙𝑙𝑝𝑝 is a function of 
piston position. However, for the pump used here, 𝑙𝑙𝑝𝑝 is constant. Note that the leakage 
rate is a function of the cube of the gap height. As a result, this dimension is critical to 
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performance. The cylinder pressure is found by numerical integration of Eqn. (6. 4) 
according to: 
   
 
𝑀𝑀𝑐𝑐 = 𝑀𝑀𝑐𝑐0 + 𝑟𝑟𝑀𝑀𝑐𝑐𝑟𝑟𝐿𝐿 Δ𝐿𝐿 (6. 7) 
   
The only unknowns in this system of equations are the flow rates through the 
check valves: 𝑄𝑄𝑚𝑚𝑚𝑚 and 𝑄𝑄𝐶𝐶𝐶𝐶𝑜𝑜. In order to determine these values, the check valve model is 
now presented. 
6.2.2 Check Valves Dynamics 
A check valve is flow control device which allows fluid to pass in one direction 
but prevents flow in the reverse direction. This is accomplished by using a spring to seat 
a sealing element, a poppet in this case, against an orifice. If there is a force differential 
across the poppet that acts to open the valve and overcomes the spring force, the poppet 
will unseat, allowing flow to travel through the valve.  
Typically, this initial opening is created by a pressure differential across the 
poppet. The valve is held open by a combination of flow forces and the pressure 
differential created as fluid passes through the valve orifice. If these forces cannot 
overcome the spring force acting on the poppet, it will begin to reseat. This occurs when 
the flow reduces to some low level or changes direction. When the valve is completely 
seated, reverse flow is prevented. However, as the valve transitions from open to closed, 
reverse flow can occur.  
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Typically this reversing through the valve is unwanted. In the pumping cylinder, 
reverse flow through the check valves results in reduced volumetric efficiency. It is 
therefore critical to characterize the check valves to determine the pumps performance. In 
this section the check valve motion and dynamic behavior are modeled. First, the 
equations of motion are described, then the steady and transient flow forces are modeled, 
and finally the complete force balance equations are presented.  
6.2.2.1 Dynamic System 
 The check valves are modeled as a spring mass damper system where the 
poppet is a mass acted on by external forces as seen in Figure 6.4.  
 
FIGURE 6.4 CHECK VALVE SPRING MASS DAMPER SYSTEM  
The poppet motion is derived from Newton’s second law. The forces on the 
poppet are described by: 
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 ∑𝐹𝐹𝑒𝑒𝑚𝑚𝑜𝑜 = 𝑚𝑚?̈?𝑚 + 𝜃𝜃?̇?𝑚 + 𝑙𝑙(𝑚𝑚 + 𝑚𝑚𝑝𝑝𝑟𝑟𝑒𝑒) (6. 8) 
   
where ∑𝐹𝐹𝑒𝑒𝑚𝑚𝑜𝑜 is the sum of the external forces applied to the poppet, 𝜃𝜃 is the 
damping coefficient, 𝑙𝑙 is the spring rate, 𝑚𝑚 is the poppet mass, and 𝑚𝑚𝑝𝑝𝑟𝑟𝑒𝑒 is the preload 
compression length of the spring. By rearranging Eqn (6. 8) the poppet acceleration can 
be found by: 
   
 
?̈?𝑚 = ∑𝐹𝐹𝑒𝑒𝑚𝑚𝑜𝑜 − 𝜃𝜃?̇?𝑚 − 𝑙𝑙𝑚𝑚
𝑚𝑚
 (6. 9) 
   
In the physical system, the poppet position is limited by the valve seat (𝑚𝑚 = 0) 
and a hard stop setting the maximum opening position (𝑚𝑚 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚). The model neglects 
poppet bounce and  assumes these surfaces have infinite damping.  The limits are 
imposed according to: 
 
   
 𝑚𝑚 < 𝑚𝑚0, (𝑚𝑚 = 𝑚𝑚0, 𝑣𝑣 = 0) 
𝑚𝑚 > 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 , (𝑚𝑚 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 , 𝑣𝑣 = 0) (6. 10) 
   
Using these equations, the poppet motion can be found as a function of the 
external forces. In the next section, the external flow forces acting on the poppet are 
found. 
 
6.2.2.2 Flow and Pressure Forces 
As fluid passes through the valve, the flow changes both speed and direction as a 
result of the valve geometry. Because the fluid has mass, there is a change in momentum, 
which results in net force acting on the poppet. These forces are referred to as flow 
forces. Additionally, the fluid experiences a pressure drop as it passes through the valve 
orifice area, resulting in a pressure differential across the valve, and thus a net force. 
These forces are referred to as pressure forces. The flow and pressure forces as they are 
applied disk style check are now described. 
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The valve used in the pump is a disk style check valve having a nose cone angle. 
The critical dimensions of the valve, shown in Figure 6.5 are described here: 
𝐴𝐴1 and 𝐷𝐷1 are the area and diameter of the valve inlet, 𝐿𝐿 is the inertial length of the valve 
inlet, 𝜃𝜃 is the poppet nose cone angle, 𝐴𝐴2 and 𝐷𝐷2 are the overall area and diameter of the 
poppet itself. The pressure drop across the valve, Δ𝑀𝑀 is the inlet pressure minus the outlet 
pressure, 𝑀𝑀1 − 𝑀𝑀2. Note that Δ𝑀𝑀 is always positive for the calculations in this section. The 
sign convention of the flow and force direction will be discussed later in this section. The 
flow forces model in this section follows the general approach outlined by Manring for 
poppet valves [94]. 
 
FIGURE 6.5 DIAGRAM OF DISK STYLE CHECK VALVE USED IN THE PUMPING 
CHAMBER SHOWING CRITICAL DIMENSIONS 
The Reynolds transport theorem is used to derive the flow forces with regards to 
the valve control volume shown in Figure 6.6 where 𝐹𝐹𝑚𝑚 and 𝐹𝐹𝑦𝑦 are the forces as they are 
applied to the control volume, and 𝑄𝑄𝑣𝑣 is the flow passing through the volume.  
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FIGURE 6.6 CONTROL VOLUME FOR DETERMINING POPPET FLOW FORCES 
Conservation of momentum for the control volume is described by: 
   
 
𝑭𝑭 = 𝜕𝜕
𝜕𝜕𝐿𝐿
�𝜌𝜌𝒐𝒐𝑟𝑟𝑉𝑉
 
𝑐𝑐𝑣𝑣
+ �𝜌𝜌𝐮𝐮(𝒐𝒐 ⋅ 𝟏𝟏�)𝑟𝑟𝐴𝐴 
𝑐𝑐𝑠𝑠
 (6. 11) 
   
where 𝑭𝑭 is the force vector acting on the control volume, ρ is the fluid density, 𝒐𝒐  
is the fluid velocity vector, and 𝟏𝟏� is a unit vector pointing normally outward from the 
dashed control surface. It can be shown that the flow forces in the 𝑚𝑚 direction are 
balanced, so only forces in the vertical,𝑣𝑣, direction will be considered further. 
The first integral of Eqn. (6. 11) describes the fluid moment effects inside the 
control volume itself, whereas the second integral describes the momentum crossing the 
control surface. These terms are referred to as the transient and steady state flow forces 
respectively which are now derived. 
Integrating the transient flow force term of Eqn. (6. 11), the following is obtained: 
   
 
𝐹𝐹𝑜𝑜 = 𝜕𝜕𝜕𝜕𝐿𝐿 �𝜌𝜌𝑀𝑀𝑟𝑟𝑉𝑉 
𝑐𝑐𝑣𝑣
= 𝜌𝜌𝐿𝐿 𝜕𝜕𝑄𝑄
𝜕𝜕𝐿𝐿
 (6. 12) 
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where 𝐹𝐹𝑜𝑜 is the transient flow force in the 𝑣𝑣 direction. Doing the same for the 
steady state term, the following is obtained: 
   
 
𝐹𝐹𝑠𝑠𝑜𝑜𝑒𝑒𝑚𝑚𝑑𝑑𝑦𝑦 = �𝜌𝜌𝑀𝑀(𝑀𝑀 ⋅ 𝒋𝒋̂)𝑟𝑟𝐴𝐴 
𝑐𝑐𝑠𝑠
= 𝜌𝜌𝑄𝑄𝑣𝑣2
𝐴𝐴𝐶𝐶
cos(𝜃𝜃) + 𝜌𝜌𝑄𝑄𝑣𝑣2
𝐴𝐴1
 (6.13) 
   
The sum of the forces in the 𝑣𝑣 direction are then: 
   
 
𝐹𝐹𝑦𝑦 = 𝜌𝜌𝐿𝐿 𝜕𝜕𝑄𝑄𝜕𝜕𝐿𝐿 + 𝜌𝜌𝑄𝑄𝑣𝑣2𝐴𝐴𝐶𝐶 cos(𝜃𝜃) + 𝜌𝜌𝑄𝑄𝑣𝑣2𝐴𝐴1  (6.14) 
   
The flow through the valve, 𝑄𝑄𝑣𝑣, is dictated by the orifice equation presented 
earlier and is reproduced for the valve here for convenience: 
   
 
𝑄𝑄𝑣𝑣 = 𝐴𝐴𝐶𝐶𝐶𝐶𝑑𝑑�2𝜌𝜌 Δ𝑀𝑀 (6.15) 
   
The orifice area, 𝐴𝐴0, is the area of a cone as a function of 𝐷𝐷1 and 𝑚𝑚. This area is 
developed from geometry and is described as: 
   
 𝐴𝐴𝐶𝐶 = 𝜋𝜋[𝐷𝐷1 sin(𝜃𝜃) 𝑚𝑚 − cos(𝜃𝜃) sin2(𝜃𝜃)𝑚𝑚2] (6.16) 
   
In the case of the check valves used for the pump, 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≈ .001𝑚𝑚 resulting in 
𝑚𝑚 being at least 1000 times greater than 𝑚𝑚2, allowing the area to  be approximated by: 
   
 𝐴𝐴𝐶𝐶 = 𝜋𝜋𝐷𝐷1 sin(𝜃𝜃) 𝑚𝑚 (6.17) 
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Now by inserting Eqn. (6.17) into (6.15) and subsequently into Eqn. (6.13), the 
steady state flow force can be solved explicitly as shown in Eqn. (6.18). 
   
 𝐹𝐹𝑠𝑠𝑜𝑜𝑒𝑒𝑚𝑚𝑑𝑑𝑦𝑦 = 2𝜌𝜌𝐴𝐴𝐶𝐶2𝐶𝐶𝑑𝑑2Δ𝑀𝑀𝜌𝜌𝐴𝐴𝐶𝐶 cos(𝜃𝜃) + 2𝜌𝜌𝐴𝐴𝐶𝐶2𝐶𝐶𝑑𝑑2Δ𝑀𝑀𝜌𝜌𝐴𝐴1  (6.18) 
   
Combining terms and simplifying results in the following: 
   
 
𝐹𝐹𝑠𝑠𝑜𝑜𝑒𝑒𝑚𝑚𝑑𝑑𝑦𝑦 = 2𝐴𝐴𝐶𝐶𝐶𝐶𝑑𝑑2Δ𝑀𝑀𝜃𝜃𝑜𝑜𝑡𝑡(𝜃𝜃) + 2𝐴𝐴𝐶𝐶2𝐶𝐶𝑑𝑑2Δ𝑀𝑀𝐴𝐴1= 2𝐴𝐴𝐶𝐶𝐶𝐶𝑑𝑑2 �𝐴𝐴𝐶𝐶𝐴𝐴1 + cos(𝜃𝜃)� Δ𝑀𝑀 (6.19) 
   
In order to solve the transient flow forces, the partial derivative of the flow rate 
𝑄𝑄𝑣𝑣 with respect to time must be evaluated. Because the poppet position and pressure drop 
across the valve are a function of time, the product rule is used to solve the derivative as 
shown in Eqns. (6.20) and (6.21). 
   
 
𝜕𝜕𝑄𝑄
𝜕𝜕𝐿𝐿
= 𝜕𝜕
𝜕𝜕𝐿𝐿
�𝜋𝜋𝐷𝐷1 sin𝜃𝜃 𝑚𝑚𝐶𝐶𝑑𝑑� 2𝜃𝜃ℎ𝑜𝑜 Δ𝑀𝑀� = 𝜕𝜕𝑄𝑄𝜕𝜕𝑚𝑚 𝜕𝜕𝑚𝑚𝜕𝜕𝐿𝐿 + 𝜕𝜕𝑄𝑄𝜕𝜕𝑀𝑀 𝜕𝜕𝑀𝑀𝜕𝜕𝐿𝐿  (6.20) 
   
 
𝜕𝜕𝑄𝑄
𝜕𝜕𝑚𝑚
𝜕𝜕𝑚𝑚
𝜕𝜕𝐿𝐿
+ 𝜕𝜕𝑄𝑄
𝜕𝜕𝑀𝑀
𝜕𝜕𝑀𝑀
𝜕𝜕𝐿𝐿
= 𝜋𝜋𝐷𝐷1 sin𝜃𝜃 𝐶𝐶𝑑𝑑� 2𝜃𝜃ℎ𝑜𝑜 Δ𝑀𝑀 ?̇?𝑚 + 𝜋𝜋𝐷𝐷1 sin(𝜃𝜃) 𝑚𝑚𝐶𝐶𝑑𝑑�2𝜌𝜌Δ𝑀𝑀 𝑀𝑀 ̇  (6.21) 
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In order to simplify presentation, the constants of the two terms of Egn (6.21) are 
lumped together as the constants 𝐾𝐾𝑒𝑒 and 𝐾𝐾𝑐𝑐 respectively according to the following: 
   
 
𝐾𝐾𝑒𝑒 =  𝜋𝜋𝐷𝐷1 sin(𝜃𝜃)𝐶𝐶𝑑𝑑� 2𝜃𝜃ℎ𝑜𝑜 Δ𝑀𝑀  (6.22) 
   
 
𝐾𝐾𝑐𝑐 = 𝜋𝜋𝐷𝐷1 sin(𝜃𝜃) 𝑚𝑚𝐶𝐶𝑑𝑑
�2𝜌𝜌Δ𝑀𝑀  (6.23) 
   
Where 𝐾𝐾𝑒𝑒 is referred to as the flow gain and 𝐾𝐾𝑐𝑐 is the pressure flow coefficient. 
The transient flow force 𝐹𝐹𝑜𝑜  is then: 
   
 
𝐹𝐹𝑜𝑜 = 𝜌𝜌𝐿𝐿 𝜕𝜕𝑄𝑄𝜕𝜕𝐿𝐿 = 𝜌𝜌𝐿𝐿𝐾𝐾𝑒𝑒?̇?𝑚 + 𝜌𝜌𝐿𝐿𝐾𝐾𝑐𝑐?̇?𝑀 (6.24) 
   
The pressure force on the poppet is simply: 
   
 𝐹𝐹𝑃𝑃𝑟𝑟 = 𝐴𝐴2Δ𝑀𝑀 (6.25) 
   
Note that when the valve is fully closed there is an area differential between the 
base of the poppet exposed to 𝐴𝐴1 and the top of the poppet, 𝐴𝐴2. However, this difference 
is small and has no effect the instant the valve opens so is neglected here. 
6.2.2.2.1 Sign Convention 
As mentioned earlier in the chapter, all of the pressure and flow force equations 
take Δ𝑀𝑀 to be a positive value as to prevent taking the square root of a negative value. 
The flow direction of the orifice equation is found by multiplying 𝑄𝑄𝐶𝐶 by 𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(Δ𝑀𝑀). In 
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this convention, positive flow is considered flow from the inlet to the outlet. The pressure 
force acting on the poppet is the same direction as the flow.  
Conservation of momentum dictates that the steady state flow force 
𝐹𝐹𝑠𝑠𝑜𝑜𝑒𝑒𝑚𝑚𝑑𝑑𝑦𝑦 always acts to close the valve regardless of the flow direction. While this may 
seem counterintuitive the following explanation is given with reference to Figure 6.7. 
Here the flow lines though the valve are represented by the double sided arrow. The 
arrow points in either direction so show that flow can occur in either direction. 𝐹𝐹𝑚𝑚 and 
𝐹𝐹𝑦𝑦 are the steady state flow forces as they act on the poppet. From this figure, it can be 
seen that the direction of these forces does not change depending on flow direction. In 
order to conserve momentum, the reaction force of the poppet onto the control volume is 
in the negative direction acting to close the valve. As mentioned previously, the force in 
the 𝑚𝑚 direction is balanced by the mirrored force on the opposite side of the poppet. 
 
FIGURE 6.7 STEADY STATE FLOW FORCES AS THEY ACT ON THE CONTROL 
VOLUME 
In contrast, the transient flow force, 𝐹𝐹𝑜𝑜, can act to either close or open the valve 
because it is a function of the rate of change of momentum. To conserve the direction, the 
transient flow force is multiplied by the sign(ΔP).Total External Forces 
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The sum of the external forces on the poppet can now be found by: 
   
 ∑𝐹𝐹𝑒𝑒𝑚𝑚𝑜𝑜 = −𝐹𝐹𝑜𝑜𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(Δ𝑀𝑀) − 𝐹𝐹𝑠𝑠𝑜𝑜𝑒𝑒𝑚𝑚𝑑𝑑𝑦𝑦 + 𝐹𝐹𝑃𝑃𝑟𝑟𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(Δ𝑀𝑀) (6.26) 
   
By substituting this result into Egn (6. 9), the poppet acceleration can be found 
according to: 
   
 
?̈?𝑚 = −𝐹𝐹𝑜𝑜𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(Δ𝑀𝑀) − 𝐹𝐹𝑠𝑠𝑜𝑜𝑒𝑒𝑚𝑚𝑑𝑑𝑦𝑦 + 𝐹𝐹𝑃𝑃𝑟𝑟𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(Δ𝑀𝑀) − 𝜃𝜃?̇?𝑚 − 𝑙𝑙(𝑚𝑚𝑝𝑝𝑟𝑟𝑒𝑒 + 𝑚𝑚)
𝑚𝑚
 (6. 27) 
   
However, the spring damping term, 𝜃𝜃, can be considered negligible compared to 
the damping term of the transient force, 𝜌𝜌𝐿𝐿𝐾𝐾𝑒𝑒, and is neglected here resulting in the 
following: 
   
 ?̈?𝑚 = −𝐹𝐹𝑜𝑜𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(Δ𝑀𝑀) − 𝐹𝐹𝑠𝑠𝑜𝑜𝑒𝑒𝑚𝑚𝑑𝑑𝑦𝑦 + 𝐹𝐹𝑃𝑃𝑟𝑟𝑡𝑡𝑚𝑚𝐿𝐿𝑚𝑚(Δ𝑀𝑀) − 𝑙𝑙𝑚𝑚
𝑚𝑚
 (6.28) 
   
Finally, the total flow through the valve, as applied to the pumping cylinder in 
Eqn. (6. 4) or manifold discharge line, can be found summing the flow through the valve 
and the poppet displacement itself according to: 
   
 𝑄𝑄 = 𝑄𝑄𝑣𝑣 + 𝑣𝑣𝐴𝐴2 (6.29) 
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where  𝑣𝑣 is the poppet velocity found by integration of Eqn. (6.28). Over a course of a 
pumping cycle, the poppet flow term integrates to zero, but has an effect on the 
instantaneous state of the system. 
6.2.3 Manifold 
The manifold is where the flow from each of the pumping cylinders are combined 
and then delivered to a load. The control volume has a fixed boundary with flows 
entering through the outlet check valves, 𝑄𝑄𝑑𝑑, and exiting through the load, 𝑄𝑄𝐶𝐶, which, in 
this case, is a relief valve. The inertial effects of the manifold are neglected as they are a 
function of the fluid channel length over the area, and the manifold is relatively short for 
the cross-sectional area.  This is a similar system to the pumping cylinder but is simpler 
in that the control volume boundaries are constant. Figure 6.8 depicts the modeled system 
with the control volume depicted as the solid outlined tube.  
 
FIGURE 6.8 HYDRAULIC MANIFOLD OUTLET LINE CONNECTED TO SYSTEM 
The flow exiting the control volume is dictated by the orifice equation reproduced 
here: 
   
 
𝑄𝑄0 = 𝐶𝐶𝑑𝑑𝐴𝐴𝑟𝑟�(𝑀𝑀𝑎𝑎 − 𝑀𝑀𝑜𝑜)𝜌𝜌2  (6.30) 
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The rate of change of pressure in the line can then be found according to: 
   
 𝑟𝑟𝑀𝑀𝑎𝑎
𝑟𝑟𝐿𝐿
= 𝛽𝛽𝑒𝑒𝑓𝑓𝑓𝑓
𝑉𝑉𝑎𝑎
��∑
𝑚𝑚
1
𝑄𝑄𝑑𝑑,𝑚𝑚 − 𝑄𝑄𝐶𝐶�𝑟𝑟𝐿𝐿 (6.31) 
   
where 𝑀𝑀𝑎𝑎  is the line pressure, 𝑉𝑉𝑎𝑎, is the constant line volume, 𝑚𝑚, is the number of cylinders, 
and 𝑄𝑄𝑑𝑑,𝑚𝑚 is the flow through the outlet check valve of cylinder 𝑚𝑚 according to Eqn. (6.29). 
Note that this value can be positive or negative depending on the valve dynamics.  
With the manifold pressure and flowrate found, the model of the fluid end of the 
pump is complete. In the next section, the experimental system is used to validate the 
model. 
6.3 Experimental Validation 
The fluid end model is validated using the three cylinder variable displacement 
linkage pump described in chapter five. The pump is driven by a variable speed electric 
motor and draws hydraulic oil from a pressurized reservoir, and exhausts it to a 
pressurized system. The discharge pressure is controlled using a relief valve which acts as 
a load. A diagram of the experimental circuit is provided in Figure 6.9. 
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FIGURE 6.9 HYDRAULIC CIRCUIT DEPICTING THE EXPERIMENTAL SETUP 
USED FOR MODEL VALIDATION AND THE PRIMARY COMPONENTS USED 
 
The pump provides a variable piston trajectory. The electric motor allows 
variation in operating frequency, and the relief valve allows for variation in operating 
pressure. The reservoir is pre-charged to 220 kPa (30psi) as to prevent cavitation in the 
suction line. 
The piston position is measured by placing a magnet on the piston and using a 
linear field sensor to determine the field strength. The sensor output is then a function of 
relative position. This allows for the simultaneous measurement of the three piston 
trajectories. The pressure of each cylinder, the reservoir, and system are measured with 
sealed gauge pressure transducers. Additionally, a gear flow meter is used to measure the 
flow rate from the pump. However, this meter can only provide an average flow rate 
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rather than an instantaneous measurement. The reservoir pressure, measured at the 
manifold, and the piston trajectories are used as inputs to the model. The load is 
estimated from the measured mean system pressure and flowrate. The cylinder pressure, 
and system pressure time histories are used for model validation.  
6.3.1 Test Conditions 
In order to demonstrate the generality of the model, the performance is evaluated for 
three test conditions: 7 MPa at 25% displacement, 10 MPa at 50% displacement, and 15 
MPa at 100% displacement. This provides a wide range of input parameters to the model. 
The measured piston trajectories, used as an input to the model, and are shown in Figure 
6.10. The piston trajectory is presented as the piston position normalized by the 
maximum stroke of 11.2mm. All experiments are conducted at a pump operating 
frequency of 10 Hz.  
 
FIGURE 6.10 PISTON TRAJECTORIES USED FOR MODEL VALIDATION 
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A model representation of the actual pumping head is depicted in Figure 6.11 for 
reference. The control volume is outlined by the dashed lines. Here, the piston is shown 
at top dead center with the discharge valve open and intake valve closed.  The valves are 
installed from the top of the manifold which is then sealed using a plug. The sealing 
cylinder is to the far left of the image. Since the cylinder in this design is also used as a 
crosshead bearing, a pocket is included in the manifold for lubrication purposes. Since 
the clearance between the manifold and the piston is large, these pockets are included in 
the unswept volume estimate. Critical dimensions of the pumping chamber, valves, and 
manifold are included in Table 6.1. 
 
FIGURE 6.11 SCHEMATIC REPRESENTATION OF THE PUMPING CYLINDER 
DEPICTING ACTUAL GEOMETRY FROM MACHINED PARTS 
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TABLE 6.1 CRITICAL DIMENTIONS OF PHYSICAL COMPONENTS IN MODEL 
Variable Description Value 
𝒅𝒅𝒑𝒑 Piston diameter (mm) 16 (measured) 
𝒍𝒍𝒑𝒑 Piston cylinder interface length (mm) 28 (measured) 
𝒉𝒉 Piston cylinder gap height (micron) 6.4 (measured) 
𝑫𝑫𝟏𝟏 Check valve inlet diameter (mm) 10.5  (measured) 
𝑫𝑫𝟏𝟏 Check valve disk diameter (mm) 15.1 (measured) 
𝜽𝜽 Check valve nose angle (degree) 45 (measured) 
𝟏𝟏 Check valve disk mass (gram) 02 (measured) 
𝟏𝟏𝒑𝒑𝒓𝒓𝒂𝒂 Check valve preload compression length (mm) 3.02 (measured) 
𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 Check valve maximum disk displacement (mm) 1.03 (measured) 
𝒌𝒌 Check valve spring rate (N/m) 121.3 (measured) 
𝑳𝑳 Check valve inertial length (mm) 5.25 (measured) 
𝑽𝑽𝒍𝒍 Manifold line volume (cm3) 140 (from CAD) 
𝑽𝑽𝒄𝒄𝟏𝟏 Unswept pumping chamber volume (cm
3) 14 (from CAD) 
 
In these experiments, the working fluid is Mobile DTE 25 hydraulic fluid. All 
coefficients used in the model are either fluid properties available from the manufacturer, 
or measured values readily available in literature. Table 6.2 gives the coefficients used in 
the model for comparison to the experiment.  
The only coefficient in the table which is derived from empirical data is the 
orifice discharge coefficient. However, this value is regularly assumed to be equivalent to 
the value for a sharp edged orifice when empirical data is unavailable. Additionally, this 
assumption has been validated for poppet valves with a nose cone angle of 45° by Stone 
[113]. 
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TABLE 6.2 COEFFICENTS USED FOR MODEL COMPARISON TO EXPERIMENT 
Coefficient Description Value 
𝜷𝜷𝟏𝟏 Bulk Modulus of pure hydraulic fluid (Pa) 1.8e9 
𝝆𝝆 Density of pure hydraulic fluid (kg/m3) 870 
𝝁𝝁𝒅𝒅 Dynamic viscosity of hydraulic fluid at 22°C (Pa s) .087 
𝜸𝜸 Polytropic gas constant (adiabatic) 1.4 
𝑹𝑹𝟏𝟏 Volumetric fraction of entrained air .002 
𝑪𝑪𝒅𝒅 Orifice discharge coefficient 0.62 
𝑷𝑷𝟏𝟏 Atmospheric pressure (Pa) 101e3 
 
6.3.2 Procedure 
Data is collecting according to the following procedure: 
1) The pump shaft speed is set to 10 Hz using the variable frequency drive 
controller. 
2) The system pressure is set to 3MPa using the adjustment on the pressure 
relief valve 
3) The displacement is set to the desired value using the manual control.  
4) The system pressure is set to the desired value using the adjustment on the 
pressure relief valve. 
5) Data is collected such that 1000 points are collected per shaft revolution for 
14 revolutions 
6) The first and last two rotations are removed from the dataset for a total of 
10 complete cycles measured. 
7) The oil temperature is monitored throughout experimentation so that data is 
only collected at oil temperatures between 22 and 23° C 
A list of the transducers used and their measurements are included in Table 6.3. 
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TABLE 6.3 SENSORS USED FOR EXPERIMENTATION 
Measurement Sensor 
Flow Rate AW gear flow meter JVA-20KG 
Shaft Position US Digital Optical Encoder 1024 ppr 
Piston Position Allegro Microsystems A1302KUA-T Linear Hall Field Sensor 
Cylinder/System Pressure Honeywell MLH-03K-P-S-B-06-A Pressure Transducer 
Inlet Pressure Measurement Specialties U7139-050PA-5W Pressure Transducer 
Temperature AEM k-type thermocouple amplifier 
 
6.3.3 Numerical Simulation 
The piston position and inlet pressure data at each time step, in addition to the 
average system pressure and flowrate, are used as inputs to the model. The piston 
velocity is found by numerical differentiation of the position data to determine the rate of 
change of pumping chamber volume. The data are imported into the simulation using 
cubic interpolation to make the experimental and simulated time steps independent of 
each other. The system of ODEs are numerically integrated using the Euler method with 
a time step of 0.1 ms. The system of equations was programmed in matlab and then 
compiled into a mex file in order to reduce runtime. The model begins with the pump at a 
stationary state so all initial conditions are set accordingly. The numerical simulation 
reaches cyclic steady-state within four cycles of the ten cycles of experimental input data.  
Shaft position is measured using the encoder and these data are used to define the 
cycle start and endpoints. After each cycle of the simulation, the average modeled system 
pressure is evaluated and compared to the experimental value. Additionally, the modeled 
cylinder pressure at the beginning of the cycle is compared to the value at the end. The 
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relief valve orifice area of Eqn. (6.30) is adjusted to allow the pressure at the beginning 
and the end of the cycle to converge. The model is considered at cyclic steady state when 
the average system pressure of the model is within 1% of the experiment, and the 
cylinder pressure of each cylinder at the beginning of the cycle is within 1% of the end.  
6.4 Results 
The modeled and experimentally measured PV curves for the three test conditions 
are shown in Figure 6.12 through Figure 6.14. These data are from the central cylinder of 
the pump. The measured and simulated system pressure as a function of crank angle are 
shown in Figure 6.15 through Figure 6.17. 
 
FIGURE 6.12 PV CURVE COMPARING MODEL TO EXPERIMENTAL RESULTS 
MEASURED AT 70 BAR AND 25% DISPLACEMENT 
  172 
 
FIGURE 6.13 PV CURVE COMPARING MODEL TO EXPERIMENTAL RESULTS 
MEASURED AT 100 BAR AND 50% DISPLACEMENT 
 
FIGURE 6.14 PV CURVE COMPARING MODEL TO EXPERIMENTAL RESULTS 
MEASURED AT 70 BAR AND 25% DISPLACEMENT 
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FIGURE 6.15 SYSTEM PRESSURE PLOT COMPARING MODEL TO EXPERIMENTAL 
RESULTS MEASURED AT 70 BAR AND 25% DISPLACEMENT 
 
FIGURE 6.16 SYSTEM PRESSURE PLOT COMPARING MODEL TO EXPERIMENTAL 
RESULTS MEASURED AT 100 BAR AND 50% DISPLACEMENT 
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FIGURE 6.17 SYSTEM PRESSURE PLOT COMPARING MODEL TO EXPERIMENTAL 
RESULTS MEASURED AT 150 BAR AND 100% DISPLACEMENT 
 
6.5 Discussion 
Despite having a wide range of operating conditions, the model is able to predict 
experimental data fairly well for the presented cases. The largest discrepancies have to do 
with the closing of the discharge check valve, which occurs at the top left corner of the 
PV curves. Additionally, the model is not able to predict well the opening action of the 
discharge valve which occurs on the top right corner of the PV curves. It would seem that 
the model expects the valve to open almost instantly, while in reality, the valve opens 
slowly resulting in the initial overshoot of cylinder pressure. This discrepancy could be a 
result of valve sticktion which is not modeled. The sticktion force, which can be 
envisioned as the force to separate two sheets of glass separated with a thin liquid layer, 
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is inversely proportional to the cube of the gap between the poppet and its seat. This 
inverse cube relationship requires a minimum gap height that is challenging to accurately 
predict. Additionally, as soon as the valve starts to open, the sticktion force drops quickly 
off to zero. The effect seems to be minimal, and the evaluation arbitrary, so the added 
complexity does not seem justified. 
Close agreement between predicted and measured system pressure is observed as 
well. The ripple in the experimental pressure can be attributed to the dynamics introduced 
by the gears of the flow meter. Additionally, the load in the system is modeled by a 
simple orifice, but in the experimental system a pilot operated relief valve is used. The 
relief valve is not explicitly modeled because not enough is known about the internal 
dimensions to accurately predict its behavior and considered out of the scope of the 
presented model. However, this valve will certainly introduce its own dynamics to the 
system and could also be the cause for the overshoot of the measured cylinder pressure.   
However, the model captures the inlet dynamics and the fluid compression and 
expansion rates well. During these periods of operation, the inlet pressure is measured 
during fluid intake, and the pumping chamber is isolated from external influences during 
compression and expansion of the fluid. As a result, the boundary conditions of the model 
are well defined.   
6.6 Conclusions 
In this chapter, a dynamic model of the fluid mechanics of a passive pumping 
system has been developed. This model uses an arbitrary piston trajectory as an input, 
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making it generally applicable. The model captures the pressure dynamics of the 
pumping cylinder and discharge line, as well as the check valve behavior. These effects 
are critical for evaluating the pumps performance. The pressure dynamics have a direct 
influence on the loading of the mechanism. The valve dynamics aid in the prediction of 
reverse flows and understanding of the volumetric efficiency of the pump.  
Close agreement has been shown between model and experimental results across a 
wide range of operating conditions. The experimental results show that the check valves 
permit a significant amount of reverse flow, reducing the volumetric efficiency. This 
reverse flow is not considered an energy loss, but results in decreased output of the pump. 
More work is needed to develop valves which perform well over a wider range of 
operating conditions.  
One of the primary advantages of this model is that it does not use any empirical 
coefficients. All coefficients used are readily available in the literature, or are measurable 
properties of the pumping fluid itself. As a result, the model can be applied during the 
design phase of a pump allowing for optimization of dynamic pumping characteristics 
such as flow or pressure ripple. Another advantage is that the lumped parameter model 
can be evaluated quickly. With a time step as small as 0.1 ms, the Euler solver runs 
within five seconds on a 2.3 GHz Intel Core-i5 processor. Such a short time step is not 
required if experimental data is not used as the input to the model.  
The optimization of the previous chapter considered the pumping behavior of the 
cylinders to be ideal because the pressure dynamics were not well understood. This 
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model provides a means of determining a realistic load to be applied to the mechanical 
model for more realistic optimization and simulations. 
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Chapter 7 Conclusions and Future Work 
7.1 Thesis Review 
In this thesis, a variable displacement linkage hydraulic pump was developed 
from mechanisms synthesis to modeling to the evaluation of a three cylinder prototype. 
Chapter two described the synthesis of an adjustable sixbar mechanism with a crank input 
and a variable stroke slider output. The described mechanism is adjusted by a movable 
ground pivot rather than adjusting a moving link, and is adjustable to zero stroke of the 
slider while maintaining constant top dead center. The synthesis process was augmented 
by a solution rectification technique, developed in chapter three, for the output slider 
dyad that limits the domain of the solution space to constructible mechanisms. Chapter 
four presented a mechanical energy loss model, taking into account both internal friction 
in the mechanism and external friction introduced by auxiliary components. A single 
cylinder prototype was introduced to validate the model at low powers, which used plain 
bearings in the revolute joints. A multi-cylinder prototype incorporating roller bearings in 
the joints was presented in chapter five as a demonstration of the design and optimization 
process, including a coupling of models to improve pumping performance. Chapter seven 
presented a dynamic model of the hydraulic end of the pump, creating an accurate 
prediction of the pumping behavior as demonstrated by comparison of the model and 
experimental data. 
By combining these validated models, a comparison can be made between the 
proposed pump and a typical axial piston pump. Figure 7.1 presents the predicted 
efficiency of the variable displacement linkage pump described in Chapter 6 according to 
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the presented models without out-of-plane deflection as a function of fractional 
displacement as compared to that of a typical axial piston pump. The typical pump curve 
is developed from the Mcandlish and Dorey model of [13] with coefficients developed 
from experimental data which are presented in Table 7.1. There is a clear benefit to the 
variable displacement linkage pump with regards to efficiency. 
 
FIGURE 7.1 COMPARISON OF THE OVERALL EFFICIENCY OF THE PROPOSED 
LINKAGE PUMP AND AN AXIAL PISTON PUMP AS A FUNCTION OF FRACTIONAL 
DISPLACEMENT 
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TABLE 7.1 COEFFICIENCTS USED IN MCANDLISH AND DOREY MODEL FOR 
PUMP COMPARISON 
Coefficient Description Value 
𝐶𝐶𝑣𝑣 Viscous friction coefficient 4.9098e5 
𝐶𝐶𝑓𝑓 Dry coefficient of friction .024 
𝐶𝐶𝑠𝑠 Slip Coefficient 1.8846e-9 
𝑉𝑉𝑟𝑟 Volume Ratio 1.1113 
𝜈𝜈 Dynamic Viscosity of Oil .065 Pa s 
𝛽𝛽 Bulk Modulus of Oil 1.8e9 Pa 
  
7.2 Conclusions of Thesis 
The objective of this thesis was to develop a multi-physics model of a variable 
displacement linkage pump with low computational complexity for rapid design 
optimization. In the process, the use of an adjustable mechanism as the driver of a 
variable displacement pump was investigated through design, analysis, and experiment. 
From this work the following conclusions can be drawn: 
• A linkage pump with a crosshead bearing creates the opportunity to separate the 
pumping fluid from the mechanism, providing the opportunity to pump non-
lubricating fluids. 
• At least a six bar mechanism is required to create an adjustable mechanism that 
does not vary the length of a moving link, the position of the input crank, or slider 
output.  
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• There are four configurations of the presented adjustable mechanism that are 
capable of reducing their stroke to zero while returning to the same constant top 
dead center position of the piston. Of these configurations, the overlapped 𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚 
configuration was found to be more compact than the other three for the same 
maximum stroke. However, the configuration required a link which crossed over 
the rest of the mechanism to connect to the piston. The extended 
𝜃𝜃1𝑚𝑚𝑚𝑚𝑚𝑚 configuration was found to be the most compact configuration which did 
not require a crossover link. 
• The velocities and accelerations of the piston driven by an adjustable mechanism 
are on the same order as those of a fixed displacement crank slider. Furthermore, 
the use of a sixbar mechanism provides more design freedom with regards to the 
shape of these curves. 
• The kineto-static force analysis can accurately predict the required shaft torque 
given the input speed and load on the slider. The energy loss model was able to 
predict the measured shaft work at powers between 6W and 900W using no 
experimentally determined coefficients, and provides insight to the energy loss 
mechanisms of the pump. 
• Friction of the revolute joints is the largest contributor to energy loss in the 
mechanism, specifically at the input crank which rotates continuously and 
experiences similar loads to other joints. The crosshead friction and viscous 
friction are small by comparison when plain bearings are used. 
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• The friction at the revolute joints can be reduced by an order of magnitude when 
roller element bearings are used rather than plain bearings in the joints. The roller 
bearing energy loss of the three-cylinder prototype pump was on the same order 
as the shaft seal friction.  It is predicted that mechanical efficiencies greater than 
90% are achievable at displacements as low as 10% of the maximum. 
• The major losses of the mechanism decrease as the output power decreases. As a 
result the efficiency of the pump can remain relatively constant at a wide range of 
operating conditions.  
• The single shear design of the three-cylinder prototype created out of plane forces 
on the mechanism that caused deflection of the mechanism, reduced the pump 
output flow rate, and introduced additional joint friction due to thrust loads 
between the links. The experimentally measured deflection was shown to increase 
as displacement decreased and pressure increased, causing discrepancies between 
the measured and modeled input work at displacements below 40% of the 
maximum. The single shear link arrangement should be avoided in future designs, 
unless the joints are better designed to handle the applied torques.  
• The shaft seal torque model provided by the manufacturer predicted a value four 
times lower than the experimentally measured shaft seal torque. The discrepancy 
is likely due to the surface finish of the input shaft and possibly misalignment. 
The coefficient of the shaft seal torque was the only experimentally determined 
model parameter in the thesis. However, the shaft seal torque of the input shaft is 
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considered external to the mechanism and does not greatly affect the usefulness of 
the model during the design phase of a pump.  
• The dynamic model of the fluid end of the pump developed in chapter seven was 
shown to be able to predict the pressure dynamics of the pumping cylinders and 
delivery line with good agreement across a wide range of operating conditions, 
using no experimentally determined coefficients.  
• The compressibility of the pumping fluid results in reduced volume delivered to 
the hydraulic load. The compressibility effects can be minimized by minimizing 
the dead volume of the pumping chamber, demonstrating the importance of the 
constant top dead center property of the linkage. 
• The check valves were shown to be slow to close, resulting in reduced discharge 
flow.  The valve operation is critical to the volumetric performance of a pump. 
The parameters of the check valves are included in the model and can be 
optimized simultaneously with the mechanism. 
7.3 Recommendations for Future Work 
 There are a number of areas of research which would augment the work 
presented in this thesis. The presented model provides a framework for optimization that 
can be used to develop the capabilities of the mechanism. Future work could investigate 
optimizing the pump for minimum flow and pressure ripple with a minimum number of 
cylinders.  Furthermore, work can be done to determine the necessity of roller bearings at 
specific joints in an effort to optimize a pump for compactness while achieving high 
efficiency. Doing so can reduce the cost and compliance of the mechanism as well as the 
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size. More work is necessary to increase the power density of the linkage design for use 
in mobile applications. 
The fluid end model could be improved with a better understanding of the check 
valve dynamics. An improved model could be used to develop high performance check 
valves to reduce the lost volumetric potential. Current check valve designs used in 
reciprocating pumps are limited in maximum operating speed reducing the pumps 
potential power density. Faster responding check valves would enable high speed pump 
operation for increased power. Additionally, methods of active valve control could be 
explored allowing the pump to increase hydraulic output or operate as a motor.  
The single shear linkage arrangement of the three cylinder prototype prevented 
the pump from demonstrating high efficiency at low piston displacements and introduced 
undesirable friction in the mechanism. It is recommended that future designs use a double 
shear arrangement to robustly demonstrate the benefits of roller bearings on mechanical 
efficiency at low displacements.  
The movable ground pivot of the mechanism ultimately results in a two degree-
of-freedom mechanism, providing many control opportunities. Combining shaft position 
and ground pivot location control, precision motion control could be investigated. 
Strategies could be explored to reduce flow and pressure ripple via displacement control. 
Also a pressure compensated systems that varies the displacement of the pump depending 
on the load demand to maintain a constant system pressure, could be explored.  
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The work presented here demonstrates that the variable displacement linkage 
pump is a viable method of delivering efficient fluid power, and provides many 
advantages over other architectures. The coupling of the kinematics, mechanical energy 
loss, and fluid end models creates a complete characterization of the variable 
displacement linkage pump, resulting in a predictive model that can be implemented 
during the early phases of pump design and optimization. The design freedom offered by 
the sixbar mechanism to control the piston trajectory provides an opportunity to optimize 
the mechanism for a variety of applications of varying requirements.  
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Appendix A Construction of Configurations b-d 
This appendix gives the diagrams needed to construct the adjustable mechanism 
of configurations b, c, and d according to the methodologies of Chapter 2. All of the 
equations remain the same except for in cases c and d, 𝜃𝜃2 + 𝜃𝜃3 is replaced by 𝜃𝜃3 − 𝜃𝜃2, and 
for cases b and d, the slider is located at 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚. 
Configuration b 
 
Configuration c 
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Configuration d 
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Appendix B  Single Cylinder Prototype Part Drawings 
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Appendix C  Three Cylinder Prototype Part Drawings 
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Appendix D  Chapter 5 Model Inputs 
PROTOTYPE DESIGN TABLE Symbol Description Value Unit 
𝒅𝒅𝒑𝒑 Piston Diameter 0.016 [𝑚𝑚] 
𝒉𝒉 Piston Cylinder Gap Height 6.00 [𝜇𝜇𝑚𝑚] 
𝒉𝒉𝒔𝒔 
Distance to axis of slide 
from x axis 76.4 [𝑚𝑚𝑚𝑚] 
𝒍𝒍𝒑𝒑 Length of Piston Sealing Surface 28 [𝑚𝑚𝑚𝑚] 
𝟏𝟏𝟏𝟏 Mass of link 2 830 [𝐿𝐿𝜃𝜃𝑚𝑚𝑚𝑚] 
𝟏𝟏𝟑𝟑 Mass of link 3 239 [𝐿𝐿𝜃𝜃𝑚𝑚𝑚𝑚] 
𝟏𝟏𝟒𝟒 Mass of link 4 57 [𝐿𝐿𝜃𝜃𝑚𝑚𝑚𝑚] 
𝟏𝟏𝟓𝟓 Mass of link 5 70 [𝐿𝐿𝜃𝜃𝑚𝑚𝑚𝑚] 
𝟏𝟏𝒔𝒔 Mass of slider link 127 [𝐿𝐿𝜃𝜃𝑚𝑚𝑚𝑚] 
𝒓𝒓𝟏𝟏 Length of Link 2 6.2 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝟑𝟑 Length of Link 3 86 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝟒𝟒 Length of Link 4 34 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝟓𝟓 Length of Link 5 34 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝟏𝟏 Pin radius at joint a 10 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝒓𝒓 Pin radius at joint b 10 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝒄𝒄𝟒𝟒 Pin radius at joint c4 17 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝒄𝒄𝟓𝟓 Pin radius at joint c5 17 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝒅𝒅 Pin radius at joint d 13.2 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝒂𝒂 Pin radius at joint e 17 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝒈𝒈𝟏𝟏 Distance to Cg of Link 2 
-1.24 
(overbalanced) [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝒈𝒈𝟑𝟑 Distance to Cg of Link 3 64.5 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝒈𝒈𝟒𝟒 Distance to Cg of Link 4 15.98 [𝑚𝑚𝑚𝑚] 
𝒓𝒓𝒈𝒈𝟓𝟓 Distance to Cg of Link 5 16 [𝑚𝑚𝑚𝑚] 
𝜽𝜽𝟏𝟏𝒊𝒊𝟏𝟏 
Minimum linkage 
transmission angle . 8334 [𝜃𝜃𝑚𝑚𝑟𝑟] 
𝝁𝝁𝒅𝒅 
Coefficient of dynamic 
viscosity* 0.065∗ [𝑀𝑀𝑚𝑚 𝑡𝑡] 
𝝁𝝁𝒌𝒌𝒄𝒄 
Coefficient of friction 
for crosshead bearing 0.12 [𝑀𝑀𝑚𝑚𝑚𝑚𝐿𝐿𝑙𝑙𝐿𝐿𝑡𝑡𝑡𝑡] 
𝝁𝝁𝒌𝒌𝒓𝒓𝒓𝒓  
Coefficient of friction 
for roller bearing [91] . 0025 [𝑀𝑀𝑚𝑚𝑚𝑚𝐿𝐿𝑙𝑙𝐿𝐿𝑡𝑡𝑡𝑡] 
*Based on ISO grade 46 Hydraulic Oil at 22°C 
 
 
